Charmless Hadronic B Decays into a Tensor Meson by Cheng, Hai-Yang & Yang, Kwei-Chou
ar
X
iv
:1
01
0.
33
09
v2
  [
he
p-
ph
]  
16
 Fe
b 2
01
1
CYCU-HEP-10-16
October, 2010
Charmless Hadronic B Decays into a Tensor Meson
Hai-Yang Cheng1,2 and Kwei-Chou Yang3
1 Institute of Physics, Academia Sinica
Taipei, Taiwan 115, Republic of China
2 C.N. Yang Institute for Theoretical Physics, State University of New York
Stony Brook, New York 11794
3 Department of Physics, Chung Yuan Christian University
Chung-Li, Taiwan 320, Republic of China
Abstract
Two-body charmless hadronic B decays involving a tensor meson in the final state are studied
within the framework of QCD factorization (QCDF). Due to the G-parity of the tensor meson,
both the chiral-even and chiral-odd two-parton light-cone distribution amplitudes of the tensor
meson are antisymmetric under the interchange of momentum fractions of the quark and anti-
quark in the SU(3) limit. Our main results are: (i) In the naive factorization approach, the
decays such as B− → K¯∗02 π− and B0 → K∗−2 π+ with a tensor meson emitted are prohibited
owing to the fact that a tensor meson cannot be created from the local V − A or tensor current.
Nevertheless, they receive nonfactorizable contributions in QCDF from vertex, penguin and hard
spectator corrections. The experimental observation of B− → K¯∗02 π− indicates the importance of
nonfactorizable effects. (ii) For penguin-dominated B → TP and TV decays, the predicted rates
in naive factorization are usually too small by one to two orders of magnitude. In QCDF, they are
enhanced by power corrections from penguin annihilation and nonfactorizable contributions. (iii)
The dominant penguin contributions to B → K∗2η(
′) arise from the processes: (a) b → sss¯ → sηs
and (b) b → sqq¯ → qK¯∗2 with ηq = (uu¯ + dd¯)/
√
2 and ηs = ss¯. The interference, constructive
for K∗2η
′ and destructive for K∗2η, explains why Γ(B → K∗2η′) ≫ Γ(B → K∗2η). (iv) We use the
measured rates of B → K∗2 (ω, φ) to extract the penguin-annihilation parameters ρTVA and ρV TA and
the observed longitudinal polarization fractions fL(K
∗
2ω) and fL(K
∗
2φ) to fix the phases φ
V T
A and
φTVA . (v) The experimental observation that fT/fL ≪ 1 for B → K∗2 (1430)φ, whereas fT/fL ∼ 1
for B → K∗2 (1430)ω with fT being the transverse polarization fraction, can be accommodated
in QCDF, but cannot be dynamically explained at first place. For penguin-dominated B → TV
decays, we find fL(K
∗
2ρ) ∼ fL(K∗2ω) ∼ 0.65 , whereas fL(K∗f2) ∼ 0.93. It will be of great
interest to measure fL for these modes to test QCDF. Theoretically, transverse polarization is
expected to be small in tree-dominated B → TV decays except for the a−2 ρ0, a−2 ρ+, K∗02 K∗−
and K∗02 K¯
∗0 modes. (vi) For tree-dominated decays, their rates are usually very small except for
the a02(π
−, ρ−), a+2 (π
−, ρ−) and f2(π
−, ρ−) modes with branching fractions of order 10−6 or even
bigger.
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I. INTRODUCTION
In the past few years, BaBar and Belle [1–14] have begun to measure several charmless B decay
modes involving a light tensor meson T in the final states with the results summarized in Table
I. From the theoretical point of view, the hadronic decays B → TM with M = P, V,A are of
great interest for two reasons: rate deficit and polarization puzzles. First, these decays have been
studied in the naive factorization approach [15–23]. The predicted rates are in general too small by
one to two orders of magnitude. This implies the importance of 1/mb power corrections. Since the
nonfactorizable amplitudes such as vertex and penguin corrections, spectator interactions cannot
be tackled in naive factorization, it is necessary to go beyond the naive factorization framework.
The theoretical frameworks suitable for this purpose include QCD factorization [24], perturbative
QCD (pQCD) [25] and soft-collinear effective theory (SCET) [26]
Second, it is known that an unexpectedly large fraction of transverse polarization has been ob-
served in the penguin-dominated B → V V channels, such as B → φK∗, ρK∗, contrary to the naive
expectation of the longitudinal polarization dominance (for a review, see [27]). However, while the
polarization measurement in B → ωK∗2 (1430) indicates a large fraction of transverse polarization
fT (see Table I), the measurement in B → φK∗2 (1430) is consistent with the longitudinal polariza-
tion dominance. Therefore, it is important to understand why fT /fL ≪ 1 for B → φK∗2 (1430),
whereas fT/fL ∼ 1 for B → ωK∗2 (1430), even though both are penguin-dominated. The polariza-
tion studies for B → TV, TA, TT will further shed light on the underlying helicity structure of the
decay mechanism.
In the present work we shall study charmless B → TM decays within the framework of QCD
factorization. One unique feature of the tensor meson is that it cannot be created from the V −A
or tensor current. Hence, the decay with a tensor meson emitted, for example, B− → K¯∗02 π−, is
prohibited in naive factorization. The experimental observation of this penguin-dominated mode
with a sizable rate implies the importance of nonfactorizable effects which will be addressed in
QCDF.
The layout of this work is as follows. We study the physical properties of tensor mesons such as
decay constants, form factors, light-cone distribution amplitudes and helicity projection operators
in Sec. 2 and specify various input parameters. Then we work out in details the next-to-leading
order (NLO) corrections to B → TP, TV decays in Sec. 3 and present numerical results and
discussions in Sec. 4. Conclusions are given in Sec. 5. Appendix A is devoted to a recapitulation
of the ISGW model. Decay amplitudes and explicit expressions of helicity-dependent annihilation
amplitudes are shown in Appendices B and C, respectively. A mini review of of the η − η′ mixing
is given in Appendix D.
II. PHYSICAL PROPERTIES OF TENSOR MESONS
A. Tensor mesons
The observed JP = 2+ tensor mesons f2(1270), f
′
2(1525), a2(1320) and K
∗
2 (1430) form an SU(3)
1 3P2 nonet. The qq¯ content for isodoublet and isovector tensor resonances is obvious. Just as the
2
TABLE I: Experimental branching fractions (in units of 10−6) and the longitudinal polarization
fractions fL for B decays to final states containing a tensor meson. Data are taken from [1–14].
Mode B fL Mode B fL
B(B+ → K∗2 (1430)+ω) 21.5 ± 4.3 0.56 ± 0.11 B(B0 → K∗2 (1430)0ω) 10.1 ± 2.3 0.45 ± 0.12
B(B+ → K∗2 (1430)+φ) 8.4± 2.1 0.80 ± 0.10 B(B0 → K∗2 (1430)0φ) 7.5± 1.0 0.901+0.059−0.069
B(B+ → K∗2 (1430)+η) 9.1± 3.0 B(B0 → K∗2 (1430)0η) 9.6± 2.1
B(B+ → K∗2 (1430)+η′) 28.0+5.3−5.0 B(B0 → K∗2 (1430)0η′) 13.7+3.2−3.1
B(B+ → K∗2 (1430)0π+) 5.6+2.2−1.4 B(B0 → K∗2 (1430)+π−) < 6.3
B(B+ → K∗2 (1430)0K+) < 1.1 B(B0 → K∗2 (1430)0π0) < 4.0
B(B+ → f2(1270)K+) 1.06+0.28−0.29 B(B0 → f2(1270)K0) 2.7+1.3−1.2
B(B+ → f2(1270)π+) 1.57+0.69−0.49
B(B+ → f ′2(1525)K+) < 7.7 a
B(B+ → a2(1320)0K+) < 45
aFrom the measurement of B(B+ → f ′2(1525)0K+ → K+K+K−) < 3.4× 10−6 [6].
η-η′ mixing in the pseudoscalar case, the isoscalar tensor states f2(1270) and f
′
2(1525) also have a
mixing, and their wave functions are defined by
f2(1270) =
1√
2
(fu2 + f
d
2 ) cos θf2 + f
s
2 sin θf2 ,
f ′2(1525) =
1√
2
(fu2 + f
d
2 ) sin θf2 − f s2 cos θf2 , (1)
with fu2 ≡ uu¯ and likewise for fd,s2 . Since ππ is the dominant decay mode of f2(1270) whereas
f ′2(1525) decays predominantly into KK (see Ref. [28]), it is obvious that this mixing angle should
be small. More precisely, it is found that θf2 = 7.8
◦ [29] and (9 ± 1)◦ [28]. Therefore, f2(1270) is
primarily an (uu¯+ dd¯)/
√
2 state, while f ′2(1525) is dominantly ss¯.
For a tensor meson, the polarization tensors ǫµν(λ) with helicity λ can be constructed in terms of
the polarization vectors of a massive vector state moving along the z-axis [30]
ǫ(0)∗µ = (P3, 0, 0, E)/mT , ǫ(±1)∗µ = (0,∓1,+i, 0)/
√
2, (2)
and are given by
ǫµν(±2) ≡ ǫ(±1)µǫ(±1)ν , (3)
ǫµν(±1) ≡
√
1
2
[ǫ(±1)µǫ(0)ν + ǫ(0)µǫ(±1)ν ], (4)
ǫµν(0) ≡
√
1
6
[ǫ(+1)µǫ(−1)ν + ǫ(−1)µǫ(+1)ν ] +
√
2
3
ǫ(0)µǫ(0)ν . (5)
The polarization ǫ
(λ)
µν can be decomposed in the frame formed by the two light-like vectors, zµ
and pν ≡ Pν − zνm2T/(2pz) with Pν and mT being the momentum and mass of the tensor meson,
respectively, and their orthogonal plane [31, 32]. The transverse component that we use thus reads
ǫ
(λ)
⊥µνz
ν = ǫ(λ)µν z
ν − ǫ(λ)‖µνzν = ǫ(λ)µν zν −
ǫ
(λ)
αν zαzν
pz
(
pµ − m
2
T
2pz
zµ
)
. (6)
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The polarization tensor ǫ
(λ)
αβ satisfies the relations
ǫ(λ)µν = ǫ
(λ)
νµ , ǫ
µ
(λ)µ = 0, Pµǫ
µν
(λ) = Pνǫ
µν
(λ) = 0, ǫ
(λ)
µν (ǫ
(λ′)µν)∗ = δλλ′ . (7)
The completeness relation reads
∑
λ
ǫ(λ)µν
(
ǫ(λ)ρσ
)∗
=
1
2
MµρMνσ +
1
2
MµσMνρ − 1
3
MµνMρσ , (8)
where Mµν = gµν − PµPν/m2T .
B. Decay constants
Decay constants of the vector meson are defined as
〈V (P, ǫ)|q¯2γµq1|0〉 = −ifVmV ǫ∗µ,
〈V (P, ǫ)|q¯2σµνq1|0〉 = −f⊥V (ǫ∗µPν − ǫ∗νPµ) . (9)
Contrary to the vector meson case, a 3P2 tensor meson with J
PC = 2++ cannot be produced
through the local V −A and tensor currents. To see this, we notice that
〈T (P, λ)|Vµ|0〉 = aǫ∗(λ)µν P ν + bǫ∗(λ)νν Pµ = 0, (10)
〈T (P, λ)|Aµ|0〉 = εµνρσP νǫρσ∗(λ) = 0, (11)
where use of Eq. (7) has been made. Nevertheless, a tensor meson can be created from these local
currents involving covariant derivatives:
〈T (P, λ)|Jµν (0)|0〉 = fTm2T ǫ∗(λ)µν ,
〈T (P, λ)|J⊥µνα(0)|0〉 = −if⊥T mT (ǫ(λ)∗µα Pν − ǫ(λ)∗να Pµ), (12)
where
Jµν(0) =
1
2
(
q¯1(0)γµi
↔
Dν q2(0) + q¯1(0)γνi
↔
Dµ q2(0)
)
,
J⊥µνα(0) = q¯1(0)σµνi
↔
Dα q2(0), (13)
and
↔
Dµ=
→
Dµ −
←
Dµ with
→
Dµ=
→
∂ µ +igsA
a
µλ
a/2 and
←
Dµ=
←
∂ µ −igsAaµλa/2.
The decay constant fT of the tensor meson has been estimated using QCD sum rules for the
tensor mesons f2(1270) [33] and K
∗
2 (1430) [34] and the tensor-meson-dominance hypothesis for
f2(1270) [33, 35, 36]. The previous sum rule predictions are [33, 34]
1
ff2(1270)(µ = 1 GeV) ≃ 0.08mf2(1270) = 102 MeV ,
fK∗2 (1430)(µ = 1 GeV) ≃ (0.10 ± 0.01)mK∗2 (1430) = (143 ± 14)MeV . (14)
Recently, we have derived a sum rule for fT (µ)f
⊥
T (µ) and revisited the sum-rule analysis for fT (µ).
Our results of fT and f
⊥
T for various tensor mesons are shown in Table IV below [40]. Our sum
1 The dimensionless decay constant fT defined in [33, 34] differs from ours by a factor of 2mT . The factor
of 2 comes from a different definition of
↔
Dµ there.
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rule results are in good agreement with [33] for ff2(1270), but smaller than that of [34] for fK∗2 (1430).
The decay constants for f2(1270) and f
′
2(1525) also can be extracted based on the hypothesis of
tensor meson dominance together with the data of Γ(f2 → ππ) and Γ(f ′2 → KK¯). We found that
[40]
ff2(1270) ≃ (0.085 ± 0.001)mf2(1270) = (108 ± 1)MeV ,
ff ′2(1525) ≃ (0.089 ± 0.003)mf ′2(1525) = (136 ± 5)MeV . (15)
They are in accordance with the sum rule predictions shown in Table IV.
C. Form factors
Form factors for B → P, V, T transitions are defined by [42–44]
〈P (P )|Vµ|B(pB)〉 =
(
Pµ + (pB)µ − m
2
B −m2P
q2
qµ
)
FBP1 (q
2) +
m2B −m2P
q2
qµ F
BP
0 (q
2),
〈V (P, λ)|Vµ|B(pB)〉 = −i 2
mB +mV
εµναβǫ
∗ν
(λ)p
α
BP
βV BV (q2),
〈V (P, λ)|Aµ|B(pB)〉 = 2mV ǫ
(λ)∗ · pB
q2
qµA
BV
0 (q
2) + (mB +mV )
[
ǫ(λ)∗µ −
e(λ)∗ · pB
q2
qµ
]
ABV1 (q
2)
− ǫ
(λ)∗ · pB
mB +mV
[
Pµ + (pB)µ − m
2
B −m2V
q2
qµ
]
ABV2 (q
2)
〈T (P, λ)|Vµ|B(pB)〉 = −i 2
mB +mT
εµναβe
∗ν
(λ)p
α
BP
βV BT (q2),
〈T (P, λ)|Aµ|B(pB)〉 = 2mT e
(λ)∗ · pB
q2
qµA
BT
0 (q
2) + (mB +mT )
[
e(λ)∗µ −
e(λ)∗ · pB
q2
qµ
]
ABT1 (q
2)
− e
(λ)∗ · pB
mB +mT
[
Pµ + (pB)µ − m
2
B −m2T
q2
qµ
]
ABT2 (q
2), (16)
where qµ = (pB − P )µ and e∗µ(λ) ≡ ǫ∗µν(λ) pBν/mB . Throughout the paper we have adopted the
convention ε0123 = −1.
In the Isgur-Scora-Grinstein-Wise (ISGW) model [45], the general expression for the B → T
transition is parametrized as
〈T (P, λ)|(V −A)µ|B(pB)〉 = ih(q2)εµνρσǫ∗ναpBα(pB + P )ρqσ − k(q2)ǫ∗µνpνB
− b+(q2)ǫ∗αβpαBpβB(pB + P )µ − b−(q2)ǫ∗αβpαBpβBqµ, (17)
where the form factor k is dimensionless, and the canonical dimension of h, b+ and b− is −2. The
relations between these two different sets of form factors are
V BT (q2) = mB(mB +mT )h(q
2), ABT1 (q
2) =
mB
mB +mT
k(q2), (18)
ABT2 (q
2) = −mB(mB +mT )b+(q2), ABT0 (q2) =
mB
2mT
[k2(q2) + (m2B −m2T )b+(q2) + q2b−(q2)].
The B → T transition form factors have been evaluated in the ISGW model [45] and its improved
version, ISGW2 [46], the covariant light-front quark model (CLFQ) [47], the light-cone sum rule
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(LCSR) approach [48], the large energy effective theory (LEET) [49–51] and the pQCD approach
[44]. In LEET, form factors are evaluated at large recoil and all the form factors in the LEET limit
to be specified below can be parametrized in terms of two independent universal form factors ζ⊥
and ζ‖ [43]:
V BT (q2) =
m
T
|~p
T
|
(
1 +
mT
mB
)
ζ⊥(q
2),
ABT0 (q
2) =
m
T
|~p
T
|
[(
1− m
2
T
mBET
)
ζ‖(q
2) +
mT
mB
ζ⊥(q
2)
]
,
ABT1 (q
2) =
m
T
|~p
T
|
(
2ET
mB +mT
)
ζ⊥(q
2),
ABT2 (q
2) =
m
T
|~p
T
|
(
1 +
mT
mB
)[
ζ⊥(q
2)− mT
ET
ζ‖(q
2)
]
, (19)
where ET is the energy of the tensor meson
ET =
mB
2
(
1 +
m2T − q2
m2B
)
. (20)
In the LEET limit,
ET ,mB ≫ mT ,ΛQCD. (21)
Using the recent analysis of tensor meson distribution amplitudes [40], one of us (KCY) has
calculated the form factors of B decays into tensor mesons using the LCSR approach [48]. The
LCSR results are close to LEET and pQCD calculations.
The B → a2(1320), f2q = (uu¯+ dd¯)/
√
2,K∗2 (1430) transition form factors calculated in various
models at the maximal recoil q2 = 0 are summarized in Table II. The ISGW model [45] is based
on the non-relativistic constituent quark picture. In general, the form factors evaluated in the
ISGW model are reliable only at q2 = q2m ≡ (mB −mT )2, the maximum momentum transfer. The
reason is that the form-factor q2 dependence in the ISGW model is proportional to exp[−(q2m−q2)]
and hence the form factor decreases exponentially as a function of (q2m − q2) (see Appendix A for
details). This has been improved in the ISGW2 model [46] in which the form factor has a more
realistic behavior at large (q2m − q2) which is expressed in terms of a certain polynomial term. As
noticed in [20], form factors are increased in the ISGW2 model so that the branching fractions of
B → TM decays are enhanced by about an order of magnitude compared to the estimates based
on the ISGW model.
The CLFQ model is a relativistic quark model in which a consistent and fully relativistic treat-
ment of quark spins and the center-of-mass motion is carried out. This model is very suitable
to study hadronic form factors. Especially, as the recoil momentum increases (corresponding to
a decreasing q2), we need to start considering relativistic effects seriously. In particular, at the
maximum recoil point q2 = 0 where the final-state meson could be highly relativistic, it is expected
that the corrections to non-relativistic quark model will be sizable in this case.
The CLFQ and ISGW2 model predictions for B → T transition form factors differ mainly in
two aspects: (i) when q2 increases, h(q2), b+(q
2) and b−(q
2) increases more rapidly in the former
and (ii) the form factor k obtained in both models is quite different, for example, kBK
∗
2 (0) = 0.015
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TABLE II: B → T transition form factors at q2 = 0 evaluated in the ISGW2, CLFQ, LCSR,
LEET and pQCD models. The CLFQ results are obtained by first calculating the form factors
h(q2), b+(q
2) and b−(q
2) using the covariant light-front approach and k(q2) from the heavy quark
symmetry relation Eq. (22) and then converted them into the form-factor set V (q2) and A0,1,2(q
2).
To compute the form factors in LEET we have applied ζ⊥(0) = 0.28±0.04 and ζ‖(0) = 0.22±0.03 .
LCSR and pQCD results are taken from [48] and [44], respectively.
F ISGW2 CLFQ LCSR LEET pQCD F ISGW2 CLFQ LCSR LEET pQCD
V Ba2 0.32 0.28 0.18± 0.02 0.18 ± 0.03 0.18+0.05
−0.04 A
Ba2
0 0.20 0.24 0.21± 0.04 0.14± 0.02 0.18
+0.06
−0.04
ABa21 0.16 0.21 0.14± 0.02 0.13 ± 0.02 0.11
+0.03
−0.03 A
Ba2
2 0.14 0.19 0.09± 0.02 0.13± 0.02 0.06
+0.02
−0.01
V Bf2q 0.32 0.28 0.18± 0.02 0.18 ± 0.02 0.12+0.03
−0.03 A
Bf2q
0 0.20 0.25 0.20± 0.04 0.13± 0.02 0.13
+0.04
−0.03
A
Bf2q
1 0.16 0.21 0.14± 0.02 0.12 ± 0.02 0.08
+0.02
−0.02 A
Bf2q
2 0.14 0.19 0.10± 0.02 0.13± 0.02 0.04
+0.01
−0.01
V BK
∗
2 0.38 0.29 0.16± 0.02 0.21 ± 0.03 0.21+0.06
−0.05 A
BK∗
2
0 0.27 0.23 0.25± 0.04 0.15± 0.02 0.18
+0.05
−0.04
A
BK∗
2
1 0.24 0.22 0.14± 0.02 0.14 ± 0.02 0.13
+0.04
−0.03 A
BK∗
2
2 0.22 0.21 0.05± 0.02 0.14± 0.02 0.08
+0.03
−0.02
TABLE III: B → T transition form factors obtained in the covariant light-front model and fitted
to the 3-parameter form Eq. (23).
F F (0) a b F F (0) a b
V Ba2 0.28 2.19 2.22 ABa20 0.24 1.28 0.84
ABa21 0.21 1.38 0.47 A
Ba2
2 0.19 1.93 1.69
V Bf2q 0.28 2.19 2.22 A
Bf2q
0 0.25 1.37 0.95
A
Bf2q
1 0.21 1.39 0.46 A
Bf2q
2 0.19 1.93 1.69
V BK
∗
2 0.29 2.17 2.22 A
BK∗2
0 0.23 1.23 0.74
A
BK∗2
1 0.22 1.42 0.50 A
BK∗2
2 0.21 1.96 1.79
in the former and 0.293 in the latter. Indeed, it has been noticed [47] that among the four B → T
transition form factors, the one k(q2) is particularly sensitive to βT , a parameter describing the
tensor-meson wave function, and that k(q2) at zero recoil shows a large deviation from the heavy
quark symmetry relation. It is not clear to us if the very complicated analytic expression for k(q2)
in Eq. (3.29) of [47] is complete. To overcome this difficulty, it was pointed out in [47] that one
may apply the heavy quark symmetry relation to obtain k(q2) for B → T transition
k(q2) = mBmT
(
1 +
m2B +m
2
T − q2
2mBmT
)[
h(q2)− 1
2
b+(q
2) +
1
2
b−(q
2)
]
. (22)
In Table II the CLFQ results are obtained by first calculating the form factors h(q2), b+(q
2) and
b−(q
2) using the covariant light-front approach [47] and k(q2) from the heavy quark symmetry
relation Eq. (22) and then converted them into the form-factor set V (q2) and A0,1,2(q
2).
Form factors in the CLFQ model are first calculated in the spacelike region and their momentum
dependence is fitted to a 3-parameter form
F (q2) =
F (0)
1− a(q2/m2B) + b(q2/m2B)2
. (23)
The parameters a, b and F (0) are first determined in the spacelike region. This parametrization is
then analytically continued to the timelike region to determine the physical form factors at q2 ≥ 0.
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The results are exhibited in Table III. The momentum dependence of the form factors in the LCSR
approach can be found in [48], while a slightly different parametrization
F (q2) =
F (0)
(1− q2/m2B)[1− a q2/m2B + b q4/m4B ]
(24)
is used in the pQCD approach for the calculations of the form-factor q2 dependence [44].
For the calculation in LEET, we have followed [52] to use ζ⊥(0) = 0.28 ± 0.04 and ζ‖(0) =
0.22 ± 0.03. For the q2 dependence, we shall use
ζT⊥,‖(q
2) =
ζT⊥,‖(0)
(1− q2/m2B)2
. (25)
For the ISGW2 model, the q2 dependence of the form factors is governed by Eq. (A1).
D. Light-cone distribution amplitudes
The light-cone distribution amplitudes (LCDAs) of the tensor meson are defined as [40] 2
〈T (P, λ)|q¯1(y)γµq2(x)|0〉 = −ifTm2T
1∫
0
du ei(uPy+u¯Px)
{
Pµ
ǫ
(λ)∗
αβ z
αzβ
(Pz)2
ΦT‖ (u) +
(
ǫ
(λ)∗
µα zα
Pz
− Pµ
ǫ
(λ)∗
βα z
βzα
(Pz)2
)
gv(u)− 1
2
zµ
ǫ
(λ)∗
αβ z
αzβ
(Pz)3
m2T g¯3(u) +O(z2)
}
, (26)
〈T (P, λ)|q¯1(y)γµγ5q2(x)|0〉 = −ifTm2T
1∫
0
du ei(uPy+u¯Px)εµναβz
νPαǫ∗βδ(λ) zδ
1
2Pz
ga(u) , (27)
〈T (P, λ)|q¯1(y)σµνq2(x)|0〉 = −f⊥T mT
1∫
0
du ei(uPy+u¯Px)
{[
ǫ(λ)∗µα z
αPν − ǫ(λ)∗να zαPµ
] 1
Pz
ΦT⊥(u)
+ (Pµzν − Pνzµ)
m2T ǫ
(λ)∗
αβ z
αzβ
(Pz)3
h¯t(u)
+
1
2
[
ǫ(λ)∗µα z
αzν − ǫ(λ)∗να zαzµ
] m2T
(Pz)2
h¯3(u) +O(z2)
}
, (28)
〈T (P, λ)|q¯1(y)q2(x)|0〉 = −f⊥T m3T
1∫
0
du ei(uPy+u¯Px)
ǫ
(λ)∗
αβ z
αzβ
2Pz
hs(u) , (29)
where g¯3 = g3 + Φ
T
‖ − 2gv , h¯t = ht − 12(ΦT⊥ + h3), h¯3 = h3 − ΦT⊥, and z ≡ y − x. Here ΦT‖ ,ΦT⊥
are twist-2 LCDAs, 3 gv, ga, ht, hs twist-3 ones, and g3, h3 twist-4. In the SU(3) limit, due to
2 The LCDAs of the tensor meson were first studied in [53].
3 Since in the transversity basis, one denotes the corresponding parallel and perpendicular states by A‖
and A⊥, a better notation for the longitudinal and transverse LCDAs will be ΦL and ΦT , respectively,
rather than Φ‖ and Φ⊥. Indeed, the transverse polarization includes both parallel and perpendicular
polarizations. In the present work we follow the conventional notation for LCDAs.
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the G-parity of the tensor meson, ΦT‖ ,Φ
T
⊥, gv , ga, ht, hs, g3 and h3 are antisymmetric under the
replacement u→ 1− u [40].
Using the QCD equations of motion [31, 32], the two-parton distribution amplitudes gv , ga, ht
and hs can be represented in terms of Φ
T
‖,⊥ and three-parton distribution amplitudes. Neglecting
the three-parton distribution amplitudes containing gluons and terms proportional to light quark
masses, twist-3 LCDAs ga, gv, ht and hs are related to twist-2 ones through the Wandzura-Wilczek
(WW) relations:
gWWv (u) =
u∫
0
dv
ΦT‖ (v)
v¯
+
1∫
u
dv
ΦT‖ (v)
v
,
gWWa (u) = 2u¯
u∫
0
dv
ΦT‖ (v)
v¯
+ 2u
1∫
u
dv
ΦT‖ (v)
v
,
hWWt (u) =
3
2
(2u − 1)

 u∫
0
dv
ΦT⊥(v)
v¯
−
1∫
u
dv
ΦT⊥(v)
v

 ,
hWWs (u) = 3

u¯
u∫
0
dv
ΦT⊥(v)
v¯
+ u
1∫
u
dv
ΦT⊥(v)
v

 . (30)
These WW relations further give us
1
4
g′a(u) +
1
2
gv(u) =
∫ 1
u
ΦT‖ (v)
v
dv ≡ ΦT+(u) ,
1
4
g′a(u)−
1
2
gv(u) = −
∫ u
0
ΦT‖ (v)
v¯
dv ≡ −ΦT−(u) ,
h′s(u) = −3
[ ∫ u
0
ΦT⊥(v)
v¯
dv −
∫ 1
u
ΦT⊥(v)
v
dv
]
≡ −3Φt(u), (31)
∫ u
0
dv(ΦT⊥(v)−
2
3
ht(v)) = uu¯
[ ∫ u
0
ΦT⊥(v)
v¯
dv −
∫ 1
u
ΦT⊥(v)
v
dv
]
= uu¯Φt(u),
∫ u
0
dv(ΦT‖ (v)−
1
2
gv(v)) =
1
2
[
u¯
∫ u
0
ΦT‖ (v)
v¯
dv − u
∫ 1
u
ΦT‖ (v)
v
dv
]
=
1
2
(
u¯ΦT−(u)− uΦT+(u)
)
.
The LCDAs ΦT‖,⊥(u, µ) and Φt(u, µ) can be expanded as
ΦT‖,⊥(u, µ) = 6u(1 − u)
∞∑
ℓ=0
a
(‖,⊥),T
ℓ (µ)C
3/2
ℓ (2u− 1),
Φt(u, µ) = 3
∞∑
ℓ=0
a⊥,Tℓ (µ)Pℓ+1(2u− 1), (32)
where the Gegenbauer moments a
(‖,⊥),T
ℓ with ℓ being even vanish in the SU(3) limit, µ is the
normalization scale and Pn(x) are the Legendre polynomials. In the present study the distribution
amplitudes are normalized to be
1∫
0
du (2u − 1)ΦT‖ (u) =
1∫
0
du (2u− 1)ΦT⊥(u) = 1 ,
∫ 1
0
duΦt(u) = 0 . (33)
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Consequently, the first Gegenbauer moments are fixed to be a
‖,T
1 = a
⊥,T
1 =
5
3 . Moreover, we have
3
1∫
0
du (2u − 1) ga(u) =
1∫
0
du (2u− 1) gv(u) = 1 ,
2
1∫
0
du (2u− 1)hs(u) =
1∫
0
du (2u− 1)ht(u) = 1 , (34)
which hold even if the complete leading twist DAs and corrections from the three-parton distribu-
tion amplitudes containing gluons are included. The asymptotic wave function is therefore
ΦT,as‖,⊥ (u) = 30u(1 − u)(2u − 1), (35)
and the corresponding expressions for the twist-3 distributions are
gasv (u) = 5(2u− 1)3 , gasa (u) = 10u(1 − u)(2u − 1) ,
hast (u) =
15
2
(2u − 1)(1 − 6u+ 6u2) , hass (u) = 15u(1 − u)(2u− 1) , (36)
and
Φast (u) = 5(1− 6u+ 6u2). (37)
Note that, contrary to the twist-2 LCDA ΦT‖,⊥(u), the twist-3 one Φt(u) is even under the replace-
ment u→ 1− u in the SU(3) limit.
For vector mesons, the general expressions of LCDAs are
ΦV (x, µ) = 6x(1 − x)
[
1 +
∞∑
n=1
a‖,Vn (µ)C
3/2
n (2x− 1)
]
, (38)
and
Φv(x, µ) = 3
[
2x− 1 +
∞∑
n=1
a⊥,Vn (µ)Pn+1(2x− 1)
]
. (39)
Likewise, for pseudoscalar mesons,
ΦP (x, µ) = 6x(1 − x)
[
1 +
∞∑
n=1
aPn (µ)C
3/2
n (2x− 1)
]
, Φp(x, µ) = 1. (40)
E. Helicity projection operators
In the QCDF calculation, we need to know the helicity projection operators in the momentum
space. To do this, using the identity
q¯1α(y)q
2
δ (x) =
1
4
{
1[q¯1(y)q2(x)] + γ5[q¯
1(y)γ5q
2(x)] + γρ[q¯1(y)γρq
2(x)]
−γργ5[q¯1(y)γργ5q2(x)] + 1
2
σρλ[q¯1(y)σρλq
2(x)]
}
δα
(41)
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and Eqs. (26)-(29), we obtain
〈T (P, λ)|q¯1α(y) q2δ (x)|0〉 = −
i
4
∫ 1
0
du ei(uPy+u¯Px)
{
fTm
2
T
[
6P ǫ
∗(λ)
µν zµzν
(Pz)2
ΦT‖ (u)−
1
2
6z ǫ
∗(λ)
µν zµzν
(Pz)3
m2T g¯3(u)
+

ǫ∗(λ)µν zν
Pz
− Pµ
ǫ
∗(λ)
νβ z
νzβ
(Pz)2

 γµ gv(u) + 1
2
ǫµνρσγ
µǫ∗νβ(λ) zβP
ρzσγ5
1
Pz
ga(u)
]
− i
2
f⊥T mT
[
σµν
(
ǫ
(λ)∗
µβ z
βPν − ǫ(λ)∗νβ zβPµ
) 1
Pz
ΦT⊥(u) + σ
µν(Pµzν − Pνzµ)
m2T ǫ
(λ)∗
ρβ z
ρzβ
(Pz)3
h¯t(u)
+
1
2
σµν
(
ǫ
(λ)∗
µβ z
βzν − ǫ(λ)∗νβ zβzµ
) m2T
(Pz)2
h¯3(u) + ǫ
∗(λ)
µν z
µzν
m2T
Pz
hs(u)
]
+O[(x− y)2]
}
δα
. (42)
Since any four momentum can be split into light-cone and transverse components as kµ =
kµ− + k
µ
+ + k
µ
⊥, we shall assign the momenta
kµ1 = uEn
µ
− +
k2⊥
4uE
nµ+ + k
µ
⊥ , k
µ
2 = u¯En
µ
− +
k2⊥
4u¯E
nµ+ − kµ⊥ , (43)
to the quark and antiquark, respectively, in an energetic light final-state meson with the momentum
Pµ and massm, satisfying the relation Pµ = Enµ−+m
2nµ+/(4E) ≃ Enµ−, where we have defined two
light-like vectors nµ± with n
µ
− ≡ (1, 0, 0,−1) and nµ+ ≡ (1, 0, 0, 1) and assumed that the meson moves
along the nµ− direction. To obtain the light-cone projection operator of the meson in the momentum
space, we take the Fourier transformation of Eq. (42) and apply the following substitution in the
calculation
zµ → −i ∂
∂k1µ
≃ −i
(
nµ+
2E
∂
∂u
+
∂
∂k⊥µ
)
, (44)
where terms of order k2⊥ have been omitted. The longitudinal projector reads
MT‖ (λ = 0) = −i
fT
4
E
{[
ǫ
(λ)∗
αβ n
α
+n
β
+
(
mT
2E
)2]
6n−ΦT‖ (u) +
f⊥T
fT
mT
E
[
ǫ
(λ)∗
αβ n
α
+n
β
+
(
mT
2E
)2]
×
[
− i
2
σµν n
µ
−n
ν
+ ht(u)− iE
∫ u
0
dv (ΦT⊥(v)− ht(v)) σµνnµ−
∂
∂k⊥ν
+
h′s(u)
2
]
+
f⊥T
fT
mT
E
iEσµνn
ν
−ǫ
(λ)∗µαδλ,0
∂
∂kα⊥
∫ u
0
dvΦT⊥(v) +O
(
m2T
E2
)}
= −ifT
4
E
[
ǫ
(λ)∗
αβ n
α
+n
β
+
(
mT
2E
)2]{
6n−ΦT‖ (u) +
f⊥T
fT
mT
E
×
[
− i
2
σµν n
µ
−n
ν
+ ht(u)−
3i
2
E
∫ u
0
dv
(
ΦT⊥(v)−
2
3
ht(v)
)
σµνn
µ
−
∂
∂k⊥ν
+
h′s(u)
2
]
+O
(
m2T
E2
)}
, (45)
and the transverse projectors have the form
MT⊥(λ = ±1) = −i
f⊥T
4
E
[
ǫ
∗(λ)
⊥µαn
α
+
(
mT
2E
)]{
γµ 6n−ΦT⊥(u)
+
fT
f⊥T
mT
E
[
γµgv(u)− E
∫ u
0
dv
(
2ΦT‖ (v)− gv(v)
)
6n− ∂
∂k⊥µ
11
− iεµνρσ γνnρ−γ5
(
nσ+
g′a(u)
4
− E ga(u)
2
∂
∂k⊥σ
)]
+O
(
m2T
E2
)}
, (46)
and
MT⊥(λ = ±2) = −i
f⊥T
4
E
{
mT
E
iEσµνn
ν
−ǫ
(λ)∗µαδλ,±2
∂
∂kα⊥
∫ u
0
dvΦT⊥(v) +O
(
m2T
E2
)}
. (47)
The exactly longitudinal and transverse polarization tensors of the tensor meson, which are
independent of the coordinate variable z = y − x, have the expressions
ǫ∗(0)µνn+ν =
√
2
3
2E2
m2T
[(
1− m
2
T
4E2
)
nµ− −
m2T
4E2
nµ+
]
,
ǫ
∗(λ)µν
⊥ n
+
ν =
(
ǫ∗(λ)µν − ǫ
∗(λ)ναn+α
2
nµ− −
ǫ∗(λ)ναn−α
2
nµ+
)
n+ν δλ,±1 , (48)
which in turn imply that
ǫ∗(λ)µν n
µ
+n
ν
+
(
mT
2E
)2
=
√
2
3
δλ,0 ,
ǫ
∗(λ)
⊥µνn
ν
+
(
mT
2E
)
=
√
1
2
ǫ∗µ(±1)δλ,±1 . (49)
The projector on the transverse polarization states in the helicity basis reads
MT∓1(u) = −i
f⊥T
4
√
2
E
{
6ǫ∗(∓1) 6n−ΦT⊥(u)
+
1
2
fT
f⊥T
mT
E
[
6ǫ∗(∓1)(1 − γ5)
(
gv(u)± g
′
a(u)
2
)
+ 6ǫ∗(∓1)(1 + γ5)
(
gv(u)∓ g
′
a(u)
2
)
−E 6n−(1− γ5)
(∫ u
0
dv(2ΦT‖ (v)− gv(v)) ∓
ga(u)
2
)
ǫ∗ν(∓1)
∂
∂k⊥ν
(50)
−E 6n−(1 + γ5)
(∫ u
0
dv(2ΦT‖ (v)− gv(v)) ±
ga(u)
2
)
ǫ∗ν(∓1)
∂
∂k⊥ν
]
+O
(
m2T
E2
)}
.
After applying the Wandzura-Wilczek relations Eq. (31), the transverse helicity projector (50) can
be simplified to
MT∓1(u) = −i
f⊥T
4
√
2
E
{
6ǫ∗(∓1) 6n−ΦT⊥(u)
+
fT
f⊥T
mT
E
[
ǫ∗ν(∓1)ΦT+(u)
(
γν(1∓ γ5) + uE 6n−(1∓ γ5) ∂
∂k⊥ν
)
+ ǫ∗ν(∓1)ΦT−(u)
(
γν(1± γ5)− u¯E 6n−(1± γ5) ∂
∂k⊥ν
)]
+O
(
m2T
E2
)}
, (51)
to be compared with
MV∓1(u) = −i
f⊥V
4
E
{
6ǫ∗(∓1) 6n−ΦV⊥(u)
+
fV
f⊥V
mV
E
[
ǫ∗ν(∓1)ΦV+(u)
(
γν(1∓ γ5) + uE 6n−(1∓ γ5) ∂
∂k⊥ν
)
+ ǫ∗ν(∓1)ΦV−(u)
(
γν(1± γ5)− u¯E 6n−(1± γ5) ∂
∂k⊥ν
)]
+O
(
m2V
E2
)}
(52)
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for the vector meson. The longitudinal projector for the tensor meson can be recast as
MT‖ (λ = 0) = −i
fT
4
√
2
3
E
{
6n−ΦT‖ (u) +
3
2
f⊥T
fT
mT
E
Φt(u)
×
[
− i
2
σµν n
µ
−n
ν
+ (u− u¯)− iEuu¯ σµνnµ−
∂
∂k⊥ν
− 1
]
+O
(
m2T
E2
)}
, (53)
to be compared with
MV‖ (λ = 0) = −i
fV
4
E
{
6n−ΦV‖ (u) +
f⊥V
fV
mV
E
Φv(u)
×
[
− i
2
σµν n
µ
−n
ν
+ (u− u¯)− iEuu¯ σµνnµ−
∂
∂k⊥ν
− 1
]
+O
(
m2V
E2
)}
(54)
for the vector meson.
F. A summary of input parameters
It is useful to summarize all the input parameters we have used in this work. Some of the input
quantities are collected in Table IV.
The Wilson coefficients ci(µ) at various scales, µ = 4.4 GeV, 2.1 GeV, 1.45 GeV and 1 GeV
are taken from [54]. For the renormalization scale of the decay amplitude, we choose µ = mb(mb).
However, as will be discussed below, the hard spectator and annihilation contributions will be
evaluated at the hard-collinear scale µh =
√
µΛh with Λh ≈ 500 MeV.
III. B → TP, TV DECAYS
Within the framework of QCD factorization [24], the effective Hamiltonian matrix elements are
written in the form
〈M1M2|Heff |B〉=GF√
2
∑
p=u,c
λ(q)p 〈M1M2|TAp,h+TBp,h|B〉 , (55)
where λ
(q)
p ≡ VpbV ∗pq with q = s, d, and the superscript h denotes the helicity of the final-state me-
son. For decays involving a pseudoscalar in the final state, h is equivalent to zero. TAp,h describes
contributions from naive factorization, vertex corrections, penguin contractions and spectator scat-
tering expressed in terms of the flavor operators ap,hi , while TBp,h contains annihilation topology
amplitudes characterized by the annihilation operators bp,hi . In general, TAp,h can be expressed in
terms of c αp,hi (M1M2)X
(B¯M1,M2) for M1 = T or c α
p,h
i (M1M2)X
(B¯M1,M2) for M2 = T , where c
contains factors arising from flavor structures of final-state mesons, αi are functions of the Wilson
coefficients (see Eqs. (B1) and (B2)), and we have defined the notations
X(B¯T,P ) ≡ 〈P |Jµ|0〉〈T |J ′µ|B〉 = −i2fPABT0 (m2P )
mT
mB
ǫ∗µν(0)pBµpBν , (56)
X
(B¯P,T ) ≡ −2ifTmB pcFBP1 (m2T ) , (57)
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TABLE IV: Input parameters. The values of the scale dependent quantities f⊥V (µ) and a
⊥,V
1,2 (µ)
are given for µ = 1GeV. The values of Gegenbauer moments are taken from [37] and Wolfenstein
parameters from [38].
Light vector mesons [37, 39]
V fV (MeV) f
⊥
V (MeV) a
‖,V
1 a
‖,V
2 a
⊥,V
1 a
⊥,V
2
ρ 216 ± 3 165 ± 9 0 0.15± 0.07 0 0.14 ± 0.06
ω 187 ± 5 151 ± 9 0 0.15± 0.07 0 0.14 ± 0.06
φ 215 ± 5 186 ± 9 0 0.18± 0.08 0 0.14 ± 0.07
K∗ 220 ± 5 185± 10 0.03 ± 0.02 0.11± 0.09 0.04 ± 0.03 0.10 ± 0.08
Light tensor mesons [40]
T fT (MeV) f
⊥
T (MeV) a
‖,T
1 , a
⊥,T
1
f2(1270) 102± 6 117± 25 53
f ′2(1525) 126± 4 65± 12 53
a2(1320) 107± 6 105± 21 53
K∗2 (1430) 118± 5 77± 14 53
B mesons
B mB(GeV) τB(ps) fB(MeV) λB(MeV)
Bu 5.279 1.638 210± 20 300 ± 100
Bd 5.279 1.525 210± 20 300 ± 100
Form factors at q2 = 0 [37, 41]
FBK0,1 (0) A
BK∗
0 (0) A
BK∗
1 (0) A
BK∗
2 (0) V
BK∗
0 (0)
0.35± 0.04 0.374 ± 0.033 0.292 ± 0.028 0.259 ± 0.027 0.411 ± 0.033
FBπ0,1 (0) A
Bρ
0 (0) A
Bρ
1 (0) A
Bρ
2 (0) V
Bρ
0 (0)
0.25± 0.03 0.303 ± 0.029 0.242 ± 0.023 0.221 ± 0.023 0.323 ± 0.030
F
Bηq
0,1 (0) A
Bω
0 (0) A
Bω
1 (0) A
Bω
2 (0) V
Bω
0 (0)
0.296 ± 0.028 0.281 ± 0.030 0.219 ± 0.024 0.198 ± 0.023 0.293 ± 0.029
Quark masses
mb(mb)/GeV mc(mb)/GeV m
pole
c /m
pole
b ms(2.1 GeV)/GeV
4.2 0.91 0.3 0.095 ± 0.020
Wolfenstein parameters [38]
A λ ρ¯ η¯ γ
0.812 0.22543 0.144 0.342 (67.2 ± 3.9)◦
for the decays B¯ → TP , and
X
(B¯T,V )
h ≡ 〈V |Jµ|0〉〈T |J ′µ|B〉 = −ifVmV
[
(e∗T · ǫ∗V )(mB +mT )ABT1 (m2V )
14
− (e∗T · pB )(ǫ∗V · pB )
2ABT2 (m
2
V )
mB +mT
+ iεµναβǫ
∗µ
V e
∗ν
T p
α
B
pβT
2V BT (m2V )
mB +mT
]
, (58)
X
(B¯V,T )
h ≡


ifT
2mV
[
(m2B −m2V −m2T )(mB +mV )ABV1 (m2T )− 4m
2
B
p2c
mB+mV
ABV2 (m
2
T )
]
for h = 0,
−ifTmBmT
[(
1 + mVmB
)
ABV1 (m
2
T )∓ 2pcmB+mV V BV (m2T )
]
for h = ±1,
(59)
for the decays B¯ → TV , where X(B¯P,T ) and X(B¯V,T )h are expressed in the B rest frame. Note
that in the factorization limit, the factorizable amplitude X(B¯M1,T ) ≡ 〈T |Jµ|0〉〈M |J ′µ|B〉 vanishes
as the tensor meson cannot be produced through the V − A or tensor current. Nevertheless,
beyond the factorization approximation, contributions proportional to the decay constant fT of the
tensor meson defined in Eq. (12) can be produced from vertex, penguin and spectator-scattering
corrections.
To evaluate the helicity amplitudes of B → TV , we work in the rest frame of the B meson and
assume that the tensor (vector) meson moves along the −z (z) axis. The momenta are thus given
by
pµB = (mB , 0, 0, 0), p
µ
T = (ET , 0, 0,−pc), pµV = (EV , 0, 0, pc). (60)
The polarization tensor ǫµν(λ) of the massive tensor meson with helicity λ can be constructed in
terms of the polarization vectors of a massive vector state
ǫ∗µT (0) = (pc, 0, 0,−ET )/mT , ǫ∗µT (±) = (0,∓1,−i, 0)/
√
2 . (61)
For the vector meson moving along the z direction, its polarization vectors are
ǫ∗µV (0) = (pc, 0, 0, EV )/mV , ǫ
∗µ
V (±) = (0,∓1, i, 0)/
√
2 , (62)
where we have followed the Jackson convention, namely, in the B rest frame, one of the vector
or tensor mesons is moving along the z axis of the coordinate system and the other along the −z
axis, while the x axes of both daughter particles are parallel [55]. The longitudinal (h = 0) and
transverse (h = ±1) components of factorization amplitudes X(B¯T,V )h then have the expressions
X
(BT,V )
0 =
ifV
2m2T
pc
√
2
3
[
(m2B −m2V −m2T )(mB +mT )ABT1 (m2V )−
4m2Bp
2
c
mB +mT
ABT2 (m
2
V )
]
,
X
(BT,V )
± = −ifVmBmV
pc√
2mT
[(
1 +
mT
mB
)
ABT1 (m
2
V )∓
2pc
mB +mT
V BT (m2V )
]
. (63)
Likewise, the factorizable B → TP amplitude can be simplified to
X(B¯T,P ) = −i2
√
2
3
fP
mB
mT
p2cA
BT
0 (m
2
P ). (64)
The flavor operators ap,hi are basically the Wilson coefficients in conjunction with short-distance
nonfactorizable corrections such as vertex corrections and hard spectator interactions. In general,
they have the expressions [24, 57]
ap,hi (M1M2) =
(
ci +
ci±1
Nc
)
Nhi (M2) +
ci±1
Nc
CFαs
4π
[
V hi (M2) +
4π2
Nc
Hhi (M1M2)
]
+ P p,hi (M2), (65)
where i = 1, · · · , 10, the upper (lower) signs apply when i is odd (even), ci are the Wilson co-
efficients, CF = (N
2
c − 1)/(2Nc) with Nc = 3, M2 is the emitted meson and M1 shares the
15
same spectator quark with the B meson. The quantities V hi (M2) account for vertex corrections,
Hhi (M1M2) for hard spectator interactions with a hard gluon exchange between the emitted meson
and the spectator quark of the B meson and Pi(M2) for penguin contractions. The expression of
the quantities Nhi (M2), which are relevant to the factorization amplitudes, reads
Nhi (V ) =
{
0 i = 6, 8,
1 else,
Nhi (T ) = 0, Ni(P ) = 1. (66)
Vertex corrections
The vertex corrections are given by
V 0i (M2) =


C(M2)
∫ 1
0
dxΦM2‖ (x)
[
12 ln
mb
µ
− 18 + g(x)
]
(i = 1–4, 9, 10) ,
C(M2)
∫ 1
0
dxΦM2‖ (x)
[
− 12 ln mb
µ
+ 6− g(1 − x)
]
(i = 5, 7) ,
1
C(M2)
∫ 1
0
dxΦm2(x)
[
− 6 + h(x)
]
(i = 6, 8) ,
(67)
V ±i (M2) =


D(M2)
∫ 1
0
dxΦM2± (x)
[
12 ln
mb
µ
− 18 + gT (x)
]
(i = 1–4, 9, 10) ,
D(M2)
∫ 1
0
dxΦM2∓ (x)
[
− 12 ln mb
µ
+ 6− gT (1− x)
]
(i = 5, 7) ,
0 (i = 6, 8) ,
(68)
with
g(x) = 3
(
1− 2x
1− x lnx− iπ
)
+
[
2Li2(x)− ln2 x+ 2 ln x
1− x − (3 + 2iπ) ln x− (x↔ 1− x)
]
,
h(x) = 2Li2(x)− ln2 x− (1 + 2iπ) ln x− (x↔ 1− x) ,
gT (x) = g(x) +
lnx
x¯
, (69)
and
C(P ) = C(V ) = D(V ) = 1, C(T ) =
√
2
3
, D(T ) =
1√
2
, D(P ) = 0, (70)
where x¯ = 1 − x, ΦM‖ is a twist-2 light-cone distribution amplitude of the meson M , Φm (for
the longitudinal component), and Φ± (for transverse components) are twist-3 ones. Specifically,
Φm = Φt, Φv, Φp for M = T, V, P , respectively. The expressions of C(T ) and D(T ) are obtained
by comparing Eqs. (51)-(54).
Hard spectator terms
Hhi (M1M2) arise from hard spectator interactions with a hard gluon exchange between the
emitted meson and the spectator quark of the B meson. H0i (M1M2) have the expressions:
H0i (M1M2) = ±
ifBfM1fM2
X
(BM1,M2)
0
mB
λB
C(M2)
∫ 1
0
dudv
[
C(M1)
ΦM1‖ (u)Φ
M2
‖ (v)
u¯v¯
+ rM1χ
Φm1(u)Φ
M2
‖ (v)
C(M1)u¯v
]
,(71)
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for i = 1− 4, 9, 10,
H0i (M1M2) = ∓
ifBfM1fM2
X
(BM1,M2)
0
mB
λB
C(M2)
∫ 1
0
dudv
[
C(M1)
ΦM1‖ (u)Φ
M2
‖ (v)
u¯v
+ rM1χ
Φm1(u)Φ
M2
‖ (v)
C(M1)u¯v¯
]
,(72)
for i = 5, 7, and H0i (M1M2) = 0 for i = 6, 8, where the upper signs are for TV modes and the
lower ones for TP modes. The transverse hard spectator terms H±i (M1M2) read
H−i (M1M2) =
√
2ifBf
⊥
M1
fM2mM2
mBX
(BM1,M2)
−
mB
λB
∫ 1
0
dudv
ΦM1⊥ (u)Φ
M2
− (v)
u¯2v
, (73)
H+i (M1M2) = −
√
2ifBfM1fM2mM1mM2
m2BX
(BM1,M2)
+
mB
λB
∫ 1
0
dudv
(u¯− v)ΦM1+ (u)ΦM2+ (v)
u¯2v¯2
, (74)
for i = 1− 4, 9, 10, and
H−i (M1M2) = −
√
2ifBf
⊥
M1
fM2mM2
mBX
(BM1,M2)
−
mB
λB
∫ 1
0
dudv
ΦM1⊥ (u)Φ
M2
+ (v)
u¯2v¯
, (75)
H+i (M1M2) = −
√
2ifBfM1fM2mM1mM2
m2BX
(BM1,M2)
+
mB
λB
∫ 1
0
dudv
(u− v)ΦM1+ (u)ΦM2− (v)
u¯2v2
, (76)
for i = 5, 7, and
H−i (M1M2) = −
ifBfM1fM2mM2√
2mBX
(BM1,M2)
−
mBmM1
m2M2
mB
λB
∫ 1
0
dudv
ΦM1+ (u)Φ
M2
⊥ (v)
vu¯v¯
, (77)
H+i (M1M2) = 0, (78)
for i = 6, 8. Since we consider only TP and TV modes in the present work, it is obvious that
M1M2 = TV or V T for the transverse components.
Penguin terms
At order αs, corrections from penguin contractions are present only for i = 4, 6. For i = 4 we
obtain
P p,h4 (M2) =
CFαs
4πNc
{
c1
[
GhM2(sp) + gM2
]
+ c3
[
GhM2(ss) +G
h
M2(1) + 2g
h
M2
]
+(c4 + c6)
b∑
i=u
[
GhM2(si) + g
′h
M2
]
− 2ceff8gGhg
}
, (79)
where si = m
2
i /m
2
b and the function G
h
M2
(s) is given by
GhM2(s) = 4
∫ 1
0
duΦM2,h(u)
∫ 1
0
dxxx¯ ln[s− u¯xx¯− iǫ],
ghM2 =
(
4
3
ln
mb
µ
+
2
3
)∫ 1
0
ΦM2,h(x)dx,
g′hM2 =
4
3
ln
mb
µ
∫ 1
0
ΦM2,h(x)dx, (80)
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with ΦM2,0 = C(M2)Φ
M2
‖ , Φ
M2,± = D(M2)Φ
M2
± . For i = 6, the result for the penguin contribution
is
P p,h6 (M2) =
CFαs
4πNc
{
c1Gˆ
h
M2(sp) + c3
[
GˆhM2(ss) + Gˆ
h
M2(1)
]
+ (c4 + c6)
b∑
i=u
GˆhM2(si)
}
. (81)
In analogy with (80), the function GˆM2(s) is defined as
Gˆ0M2(s) =
4
C(M2)
∫ 1
0
duΦm2(u)
∫ 1
0
dxxx¯ ln[s− u¯xx¯− iǫ],
Gˆ±M2(s) = 0 . (82)
Therefore, the transverse penguin contractions vanish for i = 6, 8: P±,p6,8 = 0. Note that we have
factored out the rM2χ term in Eq. (81) so that when the vertex correction V6,8 is neglected, a
0
6 will
contribute to the decay amplitude in the product rM2χ a
0
6 ≈ rM2χ P 06 .
For i = 8, 10 we find
P p,h8 (M2) =
αem
9πNc
(c1 +Ncc2) Gˆ
h
M2(sp) , (83)
P p,h10 (M2) =
αem
9πNc
{
(c1 +Ncc2)
[
GhM2(sp) + 2gM2
]
− 3ceffγ Ghg
}
. (84)
For i = 7, 9,
P−,p7,9 (M2) = −
αem
3π
Ceff7γ
mBmb
m2M2
+
2αem
27π
(c1 +Ncc2)
[
δpc ln
m2c
µ2
+ δpu ln
ν2
µ2
+ 1
]
, (85)
for M2 = ρ
0, ω, φ, and vanish otherwise. Here the first term is an electromagnetic penguin contri-
bution to the transverse helicity amplitude enhanced by a factor of mBmb/m
2
M2
, as first pointed
out in [56]. Note that the quark loop contains an ultraviolet divergence for both transverse and
longitudinal components which must be subtracted in accordance with the scheme used to define
the Wilson coefficients. The scale and scheme dependence after subtraction is required to cancel
the scale and scheme dependence of the electroweak penguin coefficients. Therefore, the scale µ in
the above equation is the same as the one appearing in the expressions for the penguin corrections,
e.g. Eq. (80). On the other hand, the scale ν is referred to the scale of the decay constant fM2(ν)
as the operator q¯γµq has a non-vanishing anomalous dimension in the presence of electromagnetic
interactions [57]. The ν dependence of Eq. (85) is compensated by that of fM2(ν).
The relevant integrals for the dipole operators Og,γ are
G0g = C(M2)
∫ 1
0
du
ΦM2‖ (u)
u¯
, (86)
G±g = D(M2)
∫ 1
0
du
u¯
[
1
2
(
u¯ΦM2− (u)− uΦM2+ (u)
)
− u¯ΦM2± (u) +
1
2
(
u¯ΦM2− (u) + uΦ
M2
+ (u)
)]
.
Using Eq. (31), G±g can be further reduced to
G+g = D(M2)
∫ 1
0
du
[
ΦM2− (u)− ΦM2+ (u)
]
= 0,
G−g = 0. (87)
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Hence, G±g in Eq. (87) are actually equal to zero. It was first pointed out by Kagan [58] that the
dipole operators Q8g and Q7γ do not contribute to the transverse penguin amplitudes at O(αs)
due to angular momentum conservation.
Annihilation topologies
The weak annihilation contributions to the decay B → M1M2 (with M1M2 ≡ V T or TV ) can
be described in terms of the building blocks bp,hi and b
p,h
i,EW
GF√
2
∑
p=u,c
λp〈M1M2|TBp,h|B0〉 = iGF√
2
∑
p=u,c
λpfBfM1fM2
∑
i
(dib
p,h
i + d
′
ib
p,h
i,EW). (88)
The building blocks have the expressions
b1 =
CF
N2c
c1A
i
1, b3 =
CF
N2c
[
c3A
i
1 + c5(A
i
3 +A
f
3) +Ncc6A
f
3
]
,
b2 =
CF
N2c
c2A
i
1, b4 =
CF
N2c
[
c4A
i
1 + c6A
f
2
]
,
b3,EW =
CF
N2c
[
c9A
i
1 + c7(A
i
3 +A
f
3 ) +Ncc8A
i
3
]
,
b4,EW =
CF
N2c
[
c10A
i
1 + c8A
i
2
]
, (89)
where for simplicity we have omitted the superscripts p and h in above expressions. The subscripts
1,2,3 of Ai,fn denote the annihilation amplitudes induced from (V −A)(V −A), (V −A)(V +A) and
(S − P )(S + P ) operators, respectively, and the superscripts i and f refer to gluon emission from
the initial and final-state quarks, respectively. Following [57] we choose the convention that M2
contains an antiquark from the weak vertex with longitudinal fraction v¯, whileM1 contains a quark
from the weak vertex with momentum fraction u. The explicit expressions of weak annihilation
amplitudes are:
Ai, 01 (M1M2) =
√
2
3
παs
∫ 1
0
du dv
{
ΦM1‖ (u)Φ
M2
‖ (v)
[
1
u(1 − u¯v) +
1
uv¯2
]
∓3
2
rM1χ r
M2
χ Φm1(u)Φm2(v)
2
uv¯
}
, (90)
Ai,−1 (M1M2) = −παs
√
2mM1mM2
m2B
∫ 1
0
du dv
{
ΦM1− (u)Φ
M2
− (v)
[
u¯+ v¯
u2v¯2
+
1
(1− u¯v)2
]}
, (91)
Ai,+1 (M1M2) = −παs
√
2mM1mM2
m2B
∫ 1
0
du dv
{
ΦM1+ (u)Φ
M2
+ (v)
[
2
uv¯3
− v
(1− u¯v)2 −
v
v¯2(1− u¯v)
]}
, (92)
Ai, 02 (M1M2) =
√
2
3
παs
∫ 1
0
du dv
{
ΦM1‖ (u)Φ
M2
‖ (v)
[
1
v¯(1− u¯v) +
1
u2v¯
]
∓3
2
rM1χ r
M2
χ Φm1(u)Φm2(v)
2
uv¯
}
, (93)
Ai,−2 (M1M2) = −παs
√
2mM1mM2
m2B
∫ 1
0
du dv
{
ΦM1+ (u)Φ
M2
+ (v)
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×
[
u+ v
u2v¯2
+
1
(1− u¯v)2
]}
, (94)
Ai,+2 (M1M2) = −παs
√
2mM1mM2
m2B
∫ 1
0
du dv
{
ΦM1− (u)Φ
M2
− (v)
×
[
2
u3v¯
− u¯
(1− u¯v)2 −
u¯
u2(1− u¯v)
]}
, (95)
Ai, 03 (M1M2) = παs
∫ 1
0
du dv
{
C(M2)
C(M1)
rM1χ Φm1(u)Φ
M2
‖ (v)
2u¯
uv¯(1− u¯v)
+
C(M1)
C(M2)
rM2χ Φ
M1
‖ (u)Φm2(v)
2v
uv¯(1− u¯v)
}
, (96)
Ai,−3 (M1M2) = −
παs√
2
∫ 1
0
du dv
{
− mM2
mM1
rM1χ Φ
M1
⊥ (u)Φ
M2
− (v)
2
uv¯(1− u¯v)
+
mM1
mM2
rM2χ Φ
M1
+ (u)Φ
M2
⊥ (v)
2
uv¯(1− u¯v)
}
, (97)
Af, 03 (M1M2) = παs
∫ 1
0
du dv
{
C(M2)
C(M1)
rM1χ Φm1(u)Φ
M2
‖ (v)
2(1 + v¯)
uv¯2
−C(M1)
C(M2)
rM2χ Φ
M1
‖ (u)Φm2(v)
2(1 + u)
u2v¯
}
, (98)
Af,−3 (M1M2) = −
παs√
2
∫ 1
0
du dv
{
mM2
mM1
rM1χ Φ
M1
⊥ (u)Φ
M2
− (v)
2
u2v¯
+
mM1
mM2
rM2χ Φ
M1
+ (u)Φ
M2
⊥ (v)
2
uv¯2
}
, (99)
and Af,h1 = A
f,h
2 = A
i,+
3 = A
f,+
3 = 0. Here in the helicity amplitudes with h = 0, the upper signs
correspond to (M1,M2) = (T, V ), (V, T ), and (V, P ) and the lower ones to (M1,M2) = (P, V ).
When (M1,M2) = (V, P ), one has to add an overall minus sign to A
i,0
2 . For (M1,M2) = (P, V ),
one has to change the sign of the second term of Ai,02 . Note that in this paper, we adopt the
notations A
(i,f),0
j ≡ A(i,f)j for the TP modes.
Since the annihilation contributions Ai,±1,2 are suppressed by a factor of m1m2/m
2
B relative to
other terms, in the numerical analysis we will consider only the annihilation contributions due to
Af,03 , A
f,−
3 , A
i,0
1,2,3 and A
i,−
3 .
Finally, two remarks are in order: (i) Although the parameters ai(i 6= 6, 8) and a6,8rχ are
formally renormalization scale and γ5 scheme independent, in practice there exists some residual
scale dependence in ai(µ) to finite order. To be specific, we shall evaluate the vertex corrections
to the decay amplitude at the scale µ = mb. In contrast, as stressed in [24], the hard spectator
and annihilation contributions should be evaluated at the hard-collinear scale µh =
√
µΛh with
Λh ≈ 500 MeV. (ii) Power corrections in QCDF always involve troublesome endpoint divergences.
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For example, the annihilation amplitude has endpoint divergences even at twist-2 level and the hard
spectator scattering diagram at twist-3 order is power suppressed and possesses soft and collinear
divergences arising from the soft spectator quark. Since the treatment of endpoint divergences is
model dependent, subleading power corrections generally can be studied only in a phenomenological
way. We shall follow [24] to model the endpoint divergence X ≡ ∫ 10 dx/x¯ in the annihilation and
hard spectator scattering diagrams as
XA = ln
(
mB
Λh
)
(1 + ρAe
iφA), XH = ln
(
mB
Λh
)
(1 + ρHe
iφH ), (100)
with the unknown real parameters ρA,H and φA,H . For simplicity, we shall assume that X
h
A and
XhH are helicity independent; that is, X
−
A = X
+
A = X
0
A and X
−
H = X
+
H = X
0
H .
IV. NUMERICAL RESULTS
Let the general amplitude of B → TP be
AB→TP =
GF√
2
(
aX(BT,P ) + a¯X
(BP,T )
)
. (101)
Its decay rate is given by
ΓB→TP =
pc
8πm2B
∣∣AB→TP ∣∣2 . (102)
It follows from Eqs. (57) and (64) that
ΓB→TP =
G2F
6π
f2Pp
5
c
m2T
∣∣∣∣∣aABT0 (m2P ) +
√
3
2
a¯
fT
fP
mT
pc
FBP1 (m
2
T )
ABT0 (m
2
P )
∣∣∣∣∣
2
, (103)
where pc is the center-of-mass momentum of the final-state particle T or P . Note that the coefficient
a¯ vanishes in naive factorization.
The decay amplitude of B → TV can be decomposed into three components, one for each
helicity of the final state: A0,A+,A−. The transverse amplitudes defined in the transversity basis
are related to the helicity ones via
A‖ =
A+ +A−√
2
, A⊥ = A+ −A−√
2
. (104)
The decay rate can be expressed in terms of these amplitudes as
ΓB→TV =
pc
8πm2B
(|A0|2 + |A+|2 + |A−|2) = pc
8πm2B
(|AL|2 + |A‖|2 + |A⊥|2). (105)
Writing the general helicity amplitudes as
A0(B → TV ) = GF√
2
(
b0X
(BT,V )
0 + b¯
0X
(BV,T )
0
)
, (106)
A±(B → TV ) = GF√
2
(
b±X
(BT,V )
± + b¯
±X
(BV,T )
±
)
, (107)
where X
(BT,V )
0,± and X
(BV,T )
0,± are given in Eqs. (63) and (59), respectively, and it is understood that
the relevant CKM factors should be put back by the end of calculations, the decay rate has the
following explicit expression
ΓB→TV =
G2F
48π
f2V
m4T
(αp7c + βp
5
c + γp
4
c + λp
3
c), (108)
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with
α = 8
m2B
(mB +mT )2
|b0ABT2 |2,
β = 6
m2Vm
2
T
(mB +mT )2
(
|b+|2(VBT+ )2 + |b−|2(VBT− )2
)
− 4(m2B −m2V −m2T )|b0|2ABT1 ABT2 ,
γ = 6
m2Vm
2
T
mB
(|b−|2ABT1,−VBT− − |b+|2ABT1,+VBT+ ), (109)
λ =
(mB +mT )
2
2m2B
[
3(|b+|2(ABT1,+)2 + |b−|2(ABT1,−)2)m2Vm2T + |b0|2(m2B −m2V −m2T )2(ABT1 )2
]
,
where we have adopted the shorthand notations,
ABT1 ≡ ABT1 (m2V ) +
b¯0
b0
√
3
2
fT
fV
mT
mV
mT
pc
mB +mV
mB +mT
ABV1 (m
2
T ), (110)
ABT2 ≡ ABT2 (m2V ) +
b¯0
b0
√
3
2
fT
fV
mT
mV
mT
pc
mB +mT
mB +mV
ABV2 (m
2
T ), (111)
ABT1,± ≡ ABT1 (m2V ) +
b¯±
b±
√
2
fT
fV
mT
mV
mT
pc
mB +mV
mB +mT
ABV1 (m
2
T ), (112)
VBT± ≡ V BT (m2V ) +
b¯±
b±
√
2
fT
fV
mT
mV
mT
pc
mB +mT
mB +mV
V BV (m2T ). (113)
Note that Eqs. (103) and (108) are in agreement with [16] for the special case that a = b0 = b± = 1
and a¯ = b¯0 = b¯± = 0. As stressed in [16], the p5c dependence in Eq. (103) indicates that only the
L = 2 wave is allowed for the TP system, while in the TV modes the L = 1, 2 and 3 waves are
simultaneously allowed, as expected.
A. B → PT decays
As noticed in [59], since the penguin annihilation effects are different for B → V P and B → PV
decays, the penguin annihilation parameters XV PA and X
PV
A are not necessarily the same. Indeed,
a fit to the B → V P,PV decays yields ρV PA ≈ 1.07, φV PA ≈ −70◦ and ρPVA ≈ 0.87, φPVA ≈ −30◦
[59]. Likewise, for Bu,d → TP decays we find that the data of Bu,d → TP can be described by the
penguin annihilation parameters
ρTPA = 0.83, φ
TP
A = −70◦, ρPTA = 0.75, φPTA = −30◦ . (114)
For B → T transition form factors, the LEET or pQCD predictions are favored by the exper-
imental data of B → f2(1270)K and B → f2(1270)π, while the CLFQ or ISGW2 model results
are preferred by the measurements of B → K∗2 (1430)η(
′),K∗2 (1430)ω,K
∗
2 (1430)φ. For example, the
branching fractions (in units of 10−6; only the central values are quoted here) for the f2π
−, f2K
0
and f2K
− modes are found to be 8.1 (2.7), 5.0 (3.4) and 6.4 (3.8), respectively, using the CLFQ
(LEET) model for B → f2 transition form factors. The corresponding experimental values are
1.57+0.69−0.49, 2.7
+1.3
−1.2, and 1.06
+0.28
−0.29. Therefore, it is evident that the data favor LEET over the CLFQ
model for decays involving B → f2 transitions. Likewise, the branching fractions for the modes
K∗−2 φ, K
∗−
2 η and K
∗0
2 η
′ are calculated to be 7.4 (4.7), 6.8 (4.7) and 12.4 (8.4), respectively, using
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TABLE V: CP-averaged branching fractions (in units of 10−6) and direct CP asymmetries (%)
for B → PT decays with ∆S = 1. The parameters ρA and φA are taken from Eq. (114). The
theoretical errors correspond to the uncertainties due to the variation of Gegenbauer moments,
decay constants, quark masses, form factors, the λB parameter for the B meson wave function and
the power-correction parameters ρA,H , φA,H . Then they are added in quadrature. The experimental
data are taken from [60] and the model predictions of [20] are for 1/N effc = 0.3 .
B
Decay
QCDF KLO [20] MQ [21] Expt.
ACP
B− → K¯∗2 (1430)0π− 3.1+8.3−3.1 5.6+2.2−1.4 1.6+2.2−1.8
B− → K∗2 (1430)−π0 2.2+4.7−1.9 0.090 0.15 0.2+17.8−14.8
B
0 → K∗2 (1430)−π+ 3.3+8.5−3.2 < 6.3 1.7+4.2−5.2
B
0 → K¯∗2 (1430)0π0 1.2+4.3−1.3 0.084 0.13 < 4.0 7.1+23.5−24.1
B− → a2(1320)0K− 4.9+8.4−4.2 0.311 0.39 < 45 −27.1+33.3−41.1
B− → a2(1320)−K¯0 8.4+16.1− 7.2 0.011 0.015 −0.6+0.4−0.8
B
0 → a2(1320)+K− 9.7+17.2− 8.1 0.584 0.73 −21.5+28.9−35.0
B
0 → a2(1320)0K0 4.2+8.3−3.5 0.005 0.014 6.7+6.5−6.9
B− → f2(1270)K− 3.8+7.8−3.0 0.344 1.06+0.28−0.29 −39.5+49.4−25.5
B
0 → f2(1270)K0 3.4+8.5−3.1 0.005 2.7+1.3−1.2 −7.3+8.4−7.9
B− → f ′2(1525)K− 4.0+7.4−3.6 0.004 < 7.7 −0.6+4.3−6.0
B
0 → f ′2(1525)K0 3.8+7.3−3.5 7× 10−5 0.8+1.2−0.7
B− → K∗2 (1430)−η 6.8+13.5− 8.7 0.031 1.19 9.1 ± 3.0 1.5+7.4−5.6
B− → K∗2 (1430)−η′ 12.1+20.7−12.1 1.405 2.70 28.0+5.3−5.0 −1.7+3.2−3.9
B
0 → K¯∗2 (1430)0η 6.6+13.5− 8.7 0.029 1.09 9.6 ± 2.1 3.2+16.5− 4.8
B
0 → K¯∗2 (1430)0η′ 12.4+21.3−12.4 1.304 2.46 13.7+3.2−3.1 −2.2+3.3−4.0
the CLFQ (LEET) model for B → K∗2 transition form factors. The corresponding experimental
values are 8.4 ± 2.1, 9.1 ± 3.0, and 13.7+3.2−3.1. It is clear that the CLFQ model works better for
decays involving B → K∗2 transitions. In this work we shall use the B → K∗2 (1430) form factors
obtained in the CLFQ model and B → a2(1270) and B → f2 ones from LEET (see Table II).
Branching fractions and CP asymmetries for B → TP decays are shown in Tables V and VI.
The theoretical errors correspond to the uncertainties due to the variation of (i) the Gegenbauer
moments, the decay constants, (ii) the heavy-to-light form factors and the strange quark mass,
(iii) the wave function of the B meson characterized by the parameter λB, and (iv) the power
corrections due to weak annihilation and hard spectator interactions described by the parameters
ρA,H , φA,H . We allow the variation of ρA and φA to be ±0.4 and ±50◦, respectively, and put ρH
and φH in the respective ranges 0 ≤ ρH ≤ 1 and 0 ≤ φH ≤ 2π. To obtain the errors shown in these
tables, we first scan randomly the points in the allowed ranges of the above-mentioned parameters
and then add errors in quadrature. Power corrections beyond the heavy quark limit generally give
the major theoretical uncertainties.
For B → K∗2η(
′) decays, there exist three different penguin contributions as depicted in Fig. 1:
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TABLE VI: Same as Table V except for B → PT decays with ∆S = 0.
B
Decay
QCDF KLO [20] MQ [21] Expt.
ACP
B− → a2(1320)0π− 3.0+1.4−1.2 2.602 4.38 9.6+47.9−46.6
B− → a2(1320)−π0 0.24+0.79−0.31 0.001 0.015 −24.3+124.3− 75.7
B
0 → a2(1320)+π− 5.2+1.8−1.8 4.882 8.19 37.3+23.9−40.4
B
0 → a2(1320)−π+ 0.21+0.43−0.17 −26.6+111.6− 82.9
B
0 → a2(1320)0π0 0.24+0.42−0.19 0.0003 0.007 −86.2+128.9− 26.4
B− → a2(1320)−η 0.11+0.28−0.11 0.294 45.8 27.6+ 73.4−127.6
B− → a2(1320)−η′ 0.11+0.47−0.12 1.310 71.3 31.3+ 61.6−131.3
B
0 → a2(1320)0η 0.06+0.16−0.05 0.138 25.2 −76.7+100− 19.2
B
0 → a2(1320)0η′ 0.05+0.22−0.04 0.615 43.3 −66.0+154.0− 41.1
B− → f2(1270)π− 2.7+1.4−1.2 2.874 1.57+0.69−0.49 60.2+27.1−72.3
B
0 → f2(1270)π0 0.15+0.42−0.14 0.0003 −37.2+103.8− 85.5
B
0 → f2(1270)η 0.17+0.23−0.12 0.152 69.7+ 25.7−102.7
B
0 → f2(1270)η′ 0.13+0.22−0.13 0.680 82.3+22.9−94.8
B− → f ′2(1525)π− 0.009+0.024−0.009 0.037 0
B
0 → f ′2(1525)π0 0.005+0.012−0.005 4× 10−6 0
B
0 → f ′2(1525)η 0.002+0.006−0.003 0.002 0
B
0 → f ′2(1525)η′ 0.008+0.008−0.005 0.009 0
B− → K∗2 (1430)−K0 0.44+0.74−0.41 4× 10−5 7.8× 10−4 30.3+51.2−33.7
B− → K∗2 (1430)0K− 0.12+0.52−0.12 −0.26+0.23−0.27
B
0 → K∗2 (1430)−K+ 0.03+0.07−0.02 −15.0+22.7−25.1
B
0 → K∗2 (1430)+K− 0.13+0.16−0.10 18.6+27.2−27.4
B
0 → K¯∗2 (1430)0K0 0.54+0.88−0.49 3× 10−5 7.2× 10−4 −2.1+4.1−2.0
B
0 → K∗2 (1430)0K¯0 0.22+0.54−0.22 −14.0+13.7−60.1
(i) b → sqq¯ → sηq, (ii) b → sss¯ → sηs, and (iii) b → sqq¯ → qK¯∗2 , corresponding to Figs. 1(a),
1(b) and 1(c), respectively. The dominant contributions come from Figs. 1(b) and 1(c). Since
the relative sign of the ηs state with respect to the ηq is negative for the η and positive for the
η′ (see Eq. (D1)), it is evident that the interference between Figs. 1(b) and 1(c) is destructive
for K∗2η and constructive for K
∗
2η
′. This explains why K∗2η
′ has a rate larger than K∗2η. It was
known that the predicted rates in naive factorization are too small by one order of magnitude, of
order 1.0 × 10−6 for B(B0 → K¯∗02 η) and 2.5 × 10−6 for B(B0 → K¯∗02 η′) [21, 61]. 4 One reason is
that the factorizable contribution to Fig. 1(c) vanishes in the naive factorization approach. The
rates of K∗2η
(′) are greatly enhanced in QCDF owing to the large power corrections from penguin
annihilation and the sizable nonfactorizable contributions to Fig. 1(c).
4 The rate of B
0 → K¯∗02 η was predicted to be very suppressed in [20] (see Table V) due to the use of a
wrong matrix element for 〈η(′)|s¯γ5s|0〉 [61].
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TABLE VII: CP-averaged branching fractions (in units of 10−6), direct CP asymmetries (%) and
the longitudinal polarization fractions fL for B → V T decays with ∆S = 1. The parameters ρA
and φA are taken from Eq. (124).
B fLDecay
QCDF KLO [20] MQ [21] Expt. QCDF Expt.
ACP
B− → K¯∗2 (1430)0ρ− 18.6+50.1−17.2 0.63+0.10−0.09 −1.0+0.8−1.0
B− → K∗2 (1430)−ρ0 10.4+18.8− 9.2 0.253 0.74 0.66+0.06−0.07 2.1+11.1− 9.9
B
0 → K∗2 (1430)−ρ+ 19.8+52.0−18.2 0.64+0.07−0.03 −1.5+2.6−2.0
B
0 → K¯∗2 (1430)0ρ0 9.5+33.4− 9.5 0.235 0.68 0.64+0.15−0.37 −4.0+14.1−10.8
B− → K∗2 (1430)−ω 7.5+19.7− 7.0 0.112 0.06 21.5 ± 4.3 0.64+0.08−0.07 0.56± 0.11 2.0+12.2−10.5
B¯0 → K¯∗2 (1430)0ω 8.1+21.7− 7.6 0.104 0.053 10.1 ± 2.3 0.66+0.11−0.15 0.45± 0.12 4.4+10.9−10.0
B− → K∗2 (1430)−φ 7.4+25.8− 5.2 2.180 9.24 8.4± 2.1 0.85+0.16−0.77 0.80± 0.10 0.1+1.2−0.5
B¯0 → K¯∗2 (1430)0φ 7.7+26.9− 5.5 2.024 8.51 7.5± 1.0 0.86+0.16−0.77 0.901+0.059−0.069 0.09+0.82−0.21
B− → a2(1320)0K∗− 2.9+11.7− 2.5 1.852 2.80 0.73+0.22−0.33 −15.0+56.0−15.0
B− → a2(1320)−K∗0 6.1+23.8− 5.4 4.495 8.62 0.79+0.20−0.64 −0.1+1.3−0.3
B
0 → a2(1320)+K∗− 6.1+24.3− 5.3 3.477 7.25 0.77+0.19−0.46 −13.3+38.2− 7.0
B
0 → a2(1320)0K∗0 3.4+12.4− 2.8 2.109 4.03 0.82+0.14−0.67 1.2+ 7.0−13.3
B− → f2(1270)K∗− 8.3+17.3− 6.7 2.032 0.93+0.07−0.63 −8.1+13.7− 7.1
B
0 → f2(1270)K∗0 9.1+18.8− 7.3 2.314 0.94+0.06−0.69 −0.08+4.3−3.1
B− → f ′2(1525)K∗− 12.6+24.0−11.1 0.025 0.65+0.28−0.38 0.6+2.5−2.9
B
0 → f ′2(1525)K∗0 13.5+25.4−11.9 0.029 0.66+0.27−0.38 0.2+0.3−0.4
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FIG. 1: Three different penguin contributions to B → K∗2η(
′). Fig. 1(a) is induced by the penguin
operators O3,5,7,9.
From Tables V and VI we see that the predicted branching fractions for penguin-dominated
B → TP decays in QCDF are larger than those of [20] and [21] by one to two orders of magnitude
through the aforementioned two mechanisms for enhancement, while the predicted rates in QCDF
are consistent with [20] for the leading tree-dominated modes such as a02π
−, a+2 π
−, f2π
−. Note that
the branching fractions of B− → K¯∗02 π− and B0 → K∗−2 π+ vanish in naive factorization, while
experimentally it is (5.6+2.2−1.4) × 10−6 for the former. The QCDF calculation indicates that the
nonfactorizable contributions arising from vertex, penguin and spectator corrections are sizable to
account for the data.
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TABLE VIII: Predicted branching fractions (in units of 10−6), direct CP asymmetries (%) and the
longitudinal polarization fractions fL for B → V T decays with ∆S = 0.
B
Decay
QCDF KLO [20] MQ [21]
fL ACP
B− → a2(1320)0ρ− 8.4+4.7−2.9 7.342 19.34 0.88+0.05−0.14 31.0+16.0−45.5
B− → a2(1320)−ρ0 0.82+2.30−0.95 0.007 0.071 0.56+0.20−0.31 −13.7+74.8−83.2
B
0 → a2(1320)+ρ− 11.3+5.3−4.6 14.686 36.18 0.91+0.03−0.10 7.6+10.2−23.7
B
0 → a2(1320)−ρ+ 1.2+2.6−1.0 0.64+0.16−0.05 49.0+24.0−66.8
B
0 → a2(1320)0ρ0 0.39+1.35−0.20 0.003 0.03 0.91+0.07−0.60 55.2+ 31.9−144.7
B− → a2(1320)−ω 0.38+1.84−0.36 0.010 0.14 0.73+0.09−0.46 −36.2+127.8− 57.2
B− → a2(1320)−φ 0.003+0.013−0.001 0.004 0.019 0.93+0.34−0.00 0.06+0.07−0.07
B
0 → a2(1320)0ω 0.25+1.14−0.19 0.005 0.07 0.78+0.05−0.42 60.5+ 25.7−141.2
B
0 → a2(1320)0φ 0.001+0.006−0.001 0.002 0.009 0.93+0.03−0.56 0.06+0.07−0.07
B− → f2(1270)ρ− 7.7+4.8−2.9 8.061 0.90+0.04−0.18 −18.2+41.1−20.0
B
0 → f2(1270)ρ0 0.42+1.90−0.44 0.004 0.82+0.11−0.86 38.1+ 49.4−113.3
B
0 → f2(1270)ω 0.69+0.97−0.36 0.005 0.91+0.07−0.40 −73.3+105.1− 11.0
B
0 → f2(1270)φ 0.001+0.007−0.000 0.002 0.92+0.04−0.59 0.07+0.76−0.78
B− → f ′2(1525)ρ− 0.07+0.11−0.04 0.103 0.96+0.03−0.48 −0.02+0.08−0.07
B
0 → f ′2(1525)ρ0 0.03+0.06−0.02 5× 10−5 0.96+0.03−0.48 −0.02+0.08−0.07
B
0 → f ′2(1525)ω 0.03+0.04−0.01 6× 10−5 0.95+0.04−0.51 −0.03+0.09−0.08
B
0 → f ′2(1525)φ 0.006+0.034−0.005 2× 10−5 1 0
B− → K∗2 (1430)−K∗0 0.56+1.09−0.38 0.014 0.59 0.85+0.09−0.57 −14.6+14.5−10.7
B− → K∗2 (1430)0K∗− 2.1+4.2−1.8 0.54+0.06−0.05 10.1+16.0− 8.2
B
0 → K∗2 (1430)−K∗+ 0.06+0.09−0.03 1 −58.3+135.1− 43.9
B
0 → K∗2 (1430)+K∗− 0.43+0.54−0.31 1 15.0+40.9−39.2
B
0 → K¯∗2 (1430)0K∗0 0.44+0.88−0.30 0.026 0.55 0.90+0.08−0.73 −2.1+ 4.0−10.4
B
0 → K∗2 (1430)0K¯∗0 1.1+2.9−1.0 0.60+0.14−0.23 −2.3+0.1−0.1
Just as B → a0π with a0 = a0(980) or a0(1450) and B → b1(1235)π decays, we see from Table
VI that for B → a2(1320)π decays, the a−2 π+ and a−2 π0 modes are highly suppressed relative to
a+2 π
− and a02π
−, respectively. Since (see Appendix B)
AB¯0→a−2 π+ ∝
∑
p=u,c
VpbV
∗
pd [δpu α1 + α
p
4]X
(Bπ,a2),
AB¯0→a+2 π− ∝
∑
p=u,c
VpbV
∗
pd [δpu α1 + α
p
4]X
(Ba2,π), (115)
it is tempting to argue that Γ(B
0 → a+2 π−) ≫ Γ(B0 → a−2 π+) is a natural consequence of
naive factorization as the tensor meson cannot be created from the V − A current. However, the
suppression of a−2 π
+ relative to a+2 π
− in QCDF stems from a different reasoning. The amplitude
X
(Bπ,a2) does not vanish in QCDF owing to the nonfactorizable corrections. Indeed, X
(Bπ,a2) =
0.80 and X(Ba2,π) = 0.69 are numerically comparable. Therefore, one may wonder how to see the
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aforementioned suppression ? The key is the quantity Ni(M2) appearing in the expression for the
effective parameter ai [see Eq. (65)]. This quantity vanishes for the tensor meson [cf Eq. (66)]. As
a result, the parameter a1(πa2) is not of order unity as it receives contributions only from vertex
corrections and hard spectator interactions, both suppressed by factors of αs/(4π). Numerically,
we have a1(πa2) = −0.035 + i0.014 . By contrast, a1(a2π) is of order unity. This explains why
B
0 → a+2 π− has a rate greater than a−2 π+ and why B− → a−2 π0 is suppressed relative to a02π−. 5
The same pattern also occurs in B → a2ρ decays, see Table VIII.
The branching fractions of B → a2η(′) of order 10−7 in QCDF are in sharp contrast to the
predictions of [21], ranging from 25 × 10−6 to 70 × 10−6 (see Table VI). It seems to us that it is
extremely unlikely that the rate of a−2 η
(′) can be greater than a−2 π
0 by four orders of magnitude
as claimed in [21]. It appears that the former should be slightly smaller than the latter in rates.
This can be tested in the future. It is also interesting to notice that while B → K¯∗2K decays
are very suppressed in naive factorization, their branching fractions are a few ×10−7 in QCDF.
Finally, it is worth remarking that B
0 → K∗+2 K− and B0 → K∗−2 K+ can only proceed through
weak annihilation.
B. B → TV decays
Branching fractions, direct CP asymmetries and the longitudinal polarization fractions for B →
TV decays are shown in Tables VII and VIII. Thus far only four of the B → TV decays have
been measured: B− → K∗−2 (φ, ω) and B0 → K∗02 (φ, ω). They can be used to fix the penguin
annihilation parameters. From Eqs. (B38) and (B40) we have
√
2Ah
B−→K∗−2 ω
≈
√
2Ah
B
0
→K
∗0
2 ω
≈
{[
αp,h4 + β
p,h
3
]
X
(Bω,K
∗
2)
h +
[
2αp,h3
]
X
(BK
∗
2,ω)
h
}
,
Ah
B−→K∗−2 φ
≈ Ah
B
0
→K
∗0
2 φ
≈
[
αp,h3 + α
p,h
4 + β
p,h
3 + β
p,h
3,EW
]
X
(BK
∗
2,φ)
h . (116)
Since X
(Bω,K
∗
2)
0 /X
(BK
∗
2,φ)
0 = 0.56 , it is expected that B(B− → K∗−2 ω)/B(B− → K∗−2 φ) ≈
|X(Bω,K
∗
2)
0 /X
(BK
∗
2,φ)
0 |2/2 ≈ 0.15 , provided that the penguin-annihilation parameters are the same
for K∗2ω and K
∗
2φ, i.e. ρ
K∗2ω
A = ρ
φK∗2
A and likewise for φA. However, it is the other way around
experimentally: the rate of K∗2ω is larger than that of K
∗
2φ. Since in the B → V V sector,
B(B− → K∗−ω)/B(B− → K∗−φ) ≈ 0.3 [60], it is thus puzzling as why K∗2ω behaves so differently
from K∗ω in terms of branching fractions. It is clear from Eq. (116) that the B → K∗2φ decay
receives penguin annihilation via ρTVA and φ
TV
A , while B → K∗2ω is governed by ρV TA and φV TA .
Therefore, we should have ρV TA ≫ ρTVA in order to account for their rates (see Eq. (124) below).
The branching fractions of the tree-dominated modes a2φ, f2φ, f
′
2φ are very small, of order
10−9 (see Table VIII), as they proceed only through QCD and electroweak penguins.
For charmless B → TV decays, it is naively expected that the helicity amplitudes Ah (helicities
5 The same argument also explains the suppression of B
0 → b−1 π+ relative to b+1 π− in QCDF [62].
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h = 0,−,+ ) for both tree- and penguin-dominated B → TV decays respect the hierarchy pattern
A0 : A− : A+ = 1 :
(
ΛQCD
mb
)
:
(
ΛQCD
mb
)2
. (117)
Hence, they are dominated by the longitudinal polarization states and satisfy the scaling law,
namely [58],
fT ≡ 1− fL = O
(
m2V,T
m2B
)
,
f⊥
f‖
= 1 +O
(
mV,T
mB
)
, (118)
with fL, f⊥, f‖ and fT being the longitudinal, perpendicular, parallel and transverse polarization
fractions, respectively, defined as
fα ≡ Γα
Γ
=
|Aα|2
|A0|2 + |A‖|2 + |A⊥|2
, (119)
with α = L, ‖,⊥.
The so-called polarization puzzle in B → V V decays is the enigma of why the transverse
polarization fraction fT in the penguin-dominated channels such as B → φK∗, ρK∗ is comparable
to fL, namely, fT/fL ∼ 1. This poses an interesting challenge for any theoretical interpretation.
For B → TV decays, the experimental measurement indicates that fT /fL ≪ 1 for B → φK∗2 (1430),
whereas fT /fL ∼ 1 for B → ωK∗2 (1430), even though both are penguin-dominated.
Consider the ratio of negative- and longitudinal-helicity amplitudes
A−
A0
∣∣∣∣
B−→K∗−2 ω
≈
(
αc,−4 + β
−
3
αc,04 + β
0
3
)
ωK∗2

X−ωK∗2
X
0
ωK∗2

 ,
A−
A0
∣∣∣∣
B−→K∗−2 φ
≈
(
αc,−4 + β
−
3
αc,04 + β
0
3
)
K∗2φ

X−K∗2φ
X0K∗2φ

 . (120)
The longitudinal polarization fraction can be approximated as
fL(ωK
∗
2 ) ≃ 1−
|αc,−4 + β−3 |2|X−ωK∗2 |
2
∑
h=0,− |αc,h4 + βh3 |2|XhωK∗2 |2
,
fL(K
∗
2φ) ≃ 1−
|αc,−4 + β−3 |2|X−K∗2φ|
2
∑
h=0,− |αc,h4 + βh3 |2|XhK∗2φ|2
. (121)
We have
|X0ωK∗2 | : |X
−
ωK∗2
| : |X+ωK∗2 | = 1 : 0.51 : 0.04 ,
|X0K∗2φ| : |X
−
K∗2φ
| : |X+K∗2φ| = 1 : 0.38 : 0.06 . (122)
In the absence of penguin annihilation, we find fL(ωK
∗
2 ) ≃ fL(K∗2φ) ≈ 0.72. As we have stressed
in [63], in the presence of NLO nonfactorizable corrections e.g. vertex, penguin and hard spectator
scattering contributions, the parameters ahi are helicity dependent. Although the factorizable
helicity amplitudes X0, X− and X+ or X
0
, X
−
, X
+
respect the scaling law (117) with ΛQCD/mb
replaced by 2mV,T /mB for the tensor and vector meson productions, one needs to consider the
effects of helicity-dependent Wilson coefficients: A−/A0 = f(a−i )X−/[f(a0i )X0]. The constructive
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(destructive) interference in the negative-helicity (longitudinal-helicity) amplitude of the penguin-
dominated B → TV decay will render f(a−i ) ≫ f(a0i ) so that A− is comparable to A0 and
the transverse polarization is enhanced. Indeed, we find fT (ωK
∗
2 ) ≃ fT (K∗2φ) ≈ 0.28 . Therefore,
when NLO effects are turned on, their corrections on a−i will render the negative helicity amplitude
A−(B → K¯∗2φ) comparable to the longitudinal oneA0(B → K¯∗2φ) so that even at the short-distance
level, fL for B
0 → K¯∗2φ is reduced to the level of 70% and likewise for B0 → K¯∗2ω.
As noticed in passing, penguin annihilation is needed in order to account for the observed rates.
This is because, in the absence of power corrections, QCDF predicts too small rates for penguin-
dominated B → TV and V V, V A decays. For example, the calculated B → K¯∗2φ rate is too small
by a factor of 2.5 and B → K¯∗2ω by two orders of magnitude. We shall rely on power corrections
from penguin annihilation to enhance the rates. A nice feature of the (S − P )(S + P ) penguin
annihilation is that it contributes to A0 and A− with the same order of magnitude [64]
APA0 : APA− : APA+ =
(
ΛQCD
mb
ln
mb
Λh
)2
:
(
ΛQCD
mb
ln
mb
Λh
)2
:
(
ΛQCD
mb
)4
. (123)
The logarithmic divergences are associated with the limit in which both the s and s¯ quarks orig-
inating from the gluon are soft [64]. As for the power counting, the annihilation topology is of
order 1/mb and each remaining factor of 1/mb is associated with a quark helicity flip. The fact
that APA− and APA0 have the same power counting explains why penguin annihilation is helpful to
resolve the polarization puzzle. The relative size of APA− and APA0 depends mainly on the phase
φA. It turns out that the longitudinal polarization fraction for B → K∗2φ is quite sensitive to the
phase φTVA , while fL(ωK
∗
2 ) is not so sensitive to φ
V T
A . For example, fL(K
∗
2φ) = 0.88, 0.72, 0.48,
respectively, for φTVA = −30◦,−45◦,−60◦ and fL(ωK∗2 ) = 0.68, 0.66, 0.64, respectively, for
φV TA = −30◦,−45◦,−60◦. Hence, we can use the experimental measurements of fL to fix the
phases φV TA and φ
TV
A and branching fractions to pin down the parameters ρA(V T ) and ρA(TV ):
ρTVA = 0.65, φ
TV
A = −33◦, ρV TA = 1.20, φV TA = −60◦ . (124)
It should be stressed that although the experimental observation of the longitudinal polarization
in B → K∗2φ and B → K∗2ω decays can be accommodated in the QCDF approach, no dynamical
explanation is offered for the smallness of fT (K
∗
2φ) and the sizable fT (ωK
∗
2 ).
For penguin-dominated B → TV decays, we find fL(K∗2ρ) ∼ fL(K∗2ω) ∼ 0.65 , whereas
fL(f2K
∗) ∼ 0.93 (cf. Table VII). It will be very interesting to measure fL for these modes
to test the approach of QCDF. Theoretically, transverse polarization is expected to be small in
tree-dominated B → TV decays except for the a−2 ρ0, a−2 ρ+, K∗02 K∗− and K∗02 K¯∗0 modes.
V. CONCLUSIONS
We have studied in this work the charmless hadronic B decays with a tensor meson in the final
state within the framework of QCD factorization. Due to the G-parity of the tensor meson, both
the chiral-even and chiral-odd two-parton LCDAs of the tensor meson are antisymmetric under
the interchange of momentum fractions of the quark and anti-quark in the SU(3) limit. The main
results of this work are as follows:
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• We have worked out the longitudinal and transverse helicity projection operators for the
tensor meson. They are very similar to the projectors for the vector meson. Consequently,
the nonfactorizable contributions such as vertex, penguin and hard spectator corrections to
B → T (P, V ) decays can be directly obtained from B → V P, V V ones by making some
suitable replacement.
• The factorizable amplitude with a tensor meson emitted vanishes under the factorization
hypothesis owing to the fact that a tensor meson cannot be created from the local V −A and
tensor currents. As a result, B− → K¯∗02 π− and B0 → K∗−2 π+ vanish in naive factorization.
The experimental observation of the former implies the importance of nonfactorizable effects.
• Five different models for B → T transition form factors were considered. While the pre-
dictions of B → f2(1270) form factors based on large energy effective theory or pQCD
are favored by experiment, the covariant light-front quark model or the ISGW2 model for
B → K∗2 (1430) ones is preferred by the data.
• For penguin-dominated B → TP and TV decays, the predicted rates in naive factorization
are normally too small by one to two orders of magnitude. In QCDF, they are enhanced by
the power corrections from penguin annihilation and nonfactorizable contributions.
• There exist three distinct types of penguin contributions to B → K∗2η(
′): (i) b→ sqq¯ → sηq,
(ii) b → sss¯ → sηs, and (iii) b → sqq¯ → qK¯∗2 with ηq = (uu¯ + dd¯)/
√
2 and ηs = ss¯. The
dominant effects arise from the last two penguin contributions. The interference, constructive
for K∗2η
′ and destructive for K∗2η between type-(ii) and type-(iii) diagrams, explains why
Γ(B → K∗2η′)≫ Γ(B → K∗2η).
• We use the measured rates of K∗2ω and K∗2φ modes to extract the penguin annihilation
parameters ρTVA and ρ
V T
A and the observed longitudinal polarization fractions fL(K
∗
2ω) and
fL(K
∗
2φ) to fix the phases φ
V T
A and φ
TV
A . The unexpectedly large rate of B → K∗2ω relative
to B → K∗2φ implies that ρV TA ≫ ρV TA . However, it may be hard to offer more intuitive
understanding for the large disparity between ρTVA and ρ
V T
A in magnitude.
• The experimental observation that fT/fL ≪ 1 for B → φK∗2 (1430), whereas fT/fL ∼ 1 for
B → ωK∗2 (1430), can be accommodated in QCDF, but cannot be dynamically explained at
first place. For penguin-dominated B → TV decays, we find fL(K∗2ρ) ∼ fL(K∗2ω) ∼ 0.65 and
fL(K
∗f2) ∼ 0.93. It will be of great interest to measure fL for these modes to test QCDF.
Theoretically, transverse polarization is expected to be small in tree-dominated B → TV
decays except for the a−2 ρ
0, a−2 ρ
+, K∗02 K
∗− and K∗02 K¯
∗0 modes.
• For tree-dominated decays, their rates are usually very small except for the
a02(π
−, ρ−), a+2 (π
−, ρ−) and f2(π
−, ρ−) modes with branching fractions of order 10−6 or
even bigger.
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Appendix A: Form factors in the ISGW2 quark model
Consider the transition B → T in the ISGW2 quark model [46], where the tensor meson T has
the quark content q1q¯2 with q¯2 being the spectator quark. We begin with the definition [46]
Fn =
(
m˜T
m˜B
)1/2 (βBβT
β2BT
)n/2 [
1 +
1
18
r2(tm − t)
]−3
, (A1)
where
r2 =
3
4mbm1
+
3m22
2m¯Bm¯Tβ2BT
+
1
m¯Bm¯T
(
16
33− 2nf
)
ln
[
αs(µQM)
αs(m1)
]
, (A2)
m˜ is the sum of the meson’s constituent quarks’ masses, m¯ is the hyperfine-averaged mass (for
example, m¯B =
3
4mB∗ +
1
4mB), tm = (mB −mT )2 is the maximum momentum transfer, and
µ± =
(
1
m1
± 1
mb
)−1
, (A3)
with m1 and m2 being the masses of the quarks q1 and q¯2, respectively. In Eq. (A1), the values of
the parameters βB and βT are available in [46] and β
2
BT =
1
2 (β
2
B + β
2
T ).
The form factors defined by Eq. (17) have the following expressions in the ISGW2 model:
h =
m2
2
√
2m˜BβB
[
1
m1
− m2β
2
B
2µ−m˜Tβ
2
BT
]
F
(h)
5 ,
k =
m2√
2βB
(1 + ω˜)F
(k)
5 ,
b+ + b− =
m22
4
√
2mqmbm˜BβB
β2T
β2BT
(
1− m2
2m˜B
β2T
β2BT
)
F
(b++b−)
5 , (A4)
b+ − b− = − m2√
2mbm˜TβB
[
1− m2mb
2µ+m˜B
β2T
β2BT
+
m2
4mq
β2T
β2BT
(
1− m2
2m˜B
β2T
β2BT
])
F
(b+−b−)
5 ,
where
F
(h)
5 = F5
(
m¯B
m˜B
)−3/2 (m¯T
m˜T
)−1/2
,
F
(k)
5 = F5
(
m¯B
m˜B
)−1/2 (m¯T
m˜T
)1/2
,
F
(b++b−)
5 = F5
(
m¯B
m˜B
)−5/2 (m¯T
m˜T
)1/2
,
F
(b+−b−)
5 = F5
(
m¯B
m˜B
)−3/2 (m¯T
m˜T
)−1/2
, (A5)
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and
ω˜ − 1 = tm − t
2m¯Bm¯T
. (A6)
In the original version of the ISGW model [45], the function Fn has a different expression in its
(tm − t) dependence:
Fn =
(
m˜T
m˜B
)1/2 (βBβT
β2BT
)n/2
exp
{
− m2
4m˜Bm˜T
tm − t
κ2β2BT
}
, (A7)
where κ = 0.7 is the relativistic correction factor. The form factors are then given by
h =
m2
2
√
2m˜BβB
[
1
m1
− m2
2m˜Tµ−
β2B
β2BT
]
F5,
k =
m2√
2βB
F5,
b+ = − m2
2
√
2mbm˜TβB
[
1− m2mb
2µ+m˜B
β2T
β2BT
+
m2mb
4m˜Bµ−
β2T
β2BT
(
1− m2
2m˜B
β2T
β2BT
)]
F5. (A8)
Note that the expressions in Eq. (A4) in the ISGW2 model allow one to determine the form factor
b−, which vanishes in the ISGW model.
Appendix B: Decay amplitudes
The coefficients of the flavor operators α
p,(h)
i can be expressed in terms of a
p,(h)
i in the following:
α1(M1M2) = a1(M1M2) ,
α2(M1M2) = a2(M1M2) ,
αp3(M1M2) =
{
ap3(M1M2)− ap5(M1M2) for M1M2 = TP ,
ap3(M1M2) + a
p
5(M1M2) for M1M2 = PT ,
αp4(M1M2) =
{
ap4(M1M2)− rM2χ ap6(M1M2) for M1M2 = TP
ap4(M1M2) + r
M2
χ a
p
6(M1M2) for M1M2 = PT ,
(B1)
αp3,EW(M1M2) =
{
ap9(M1M2)− ap7(M1M2) for M1M2 = TP ,
ap9(M1M2) + a
p
7(M1M2) for M1M2 = PT ,
αp4,EW(M1M2) =
{
ap10(M1M2)− rM2χ ap8(M1M2) for M1M2 = TP ,
ap10(M1M2) + r
M2
χ a
p
8(M1M2) for M1M2 = PT ,
for B → TP decays, and
αh1(M1M2) = a
h
1(M1M2) ,
αh2(M1M2) = a
h
2(M1M2) ,
αp,h3 (M1M2) = a
p,h
3 (M1M2) + a
p,h
5 (M1M2), (B2)
αp,h4 (M1M2) = a
p,h
4 (M1M2)− rM2χ ap,h6 (M1M2) ,
αp,h3,EW(M1M2) = a
p,h
9 (M1M2) + a
p,h
7 (M1M2) ,
αp,h4,EW(M1M2) = a
p,h
10 (M1M2)− rM2χ ap,h8 (M1M2),
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for B → TV decays with (M1M2) ≡ (TV ) or (V T ). It should be noted that the order of the
arguments of αpi (M1M2) and a
p
i (M1M2) is relevant. The chiral factor r
M
χ is given by
rπ,Kχ (µ) =
2m2π,K
mb(µ) (mq1 +mq2)(µ)
, r
η
(′)
q,s
χ (µ) =
hq,s
f
(′)
q,smb(µ)mq,s(µ)
(B3)
for the pseudoscalar mesons,
rVχ (µ) =
2mV
mb(µ)
f⊥V (µ)
fV
(B4)
for the vector meson, and
rTχ (µ) =
2mT
mb(µ)
f⊥T (µ)
fT
(B5)
for the tensor meson. See Appendix D for further discussions on the parameters hq,s and f
(′)
q,s.
In the following decay amplitudes, the order of the arguments of α
p(,h)
i (M1M2) and β
p(,h)
i (M1M2)
is consistent with the order of the arguments of X
(BM1,M2)
(h) or X
(BM1,M2)
(h) , where
βpi (TP ) =
−ifBfTfP
X(BT,P )
bpi , β
p
i (PT ) =
−ifBfT fP
X
(BP,T )
bpi , for TP modes, (B6)
βp,hi (TV ) =
ifBfTfV
X
(BT,V )
h
bp,hi , β
p,h
i (V T ) =
ifBfT fV
X
(BV,T )
h
bp,hi , for TV modes. (B7)
The decay amplitudes for B → TP, TV are summarized as follows:
1. B → TP decays
a. Decay amplitudes with ∆S = 0:
√
2AB−→f2π− =
GF√
2
∑
p=u,c
λ(d)p
×
{[
δpu (α2 + β2) + 2α
p
3 + α
p
4 +
1
2
αp3,EW −
1
2
αp4,EW + β
p
3 + β
p
3,EW
]
X
(Bπ,fq2 )
+
√
2
[
αp3 −
1
2
αp3,EW
]
X
(Bπ,fs2 )
+
[
δpu (α1 + β2) + α
p
4 + α
p
4,EW + β
p
3 + β
p
3,EW
]
X(Bf
q
2 ,π)
}
, (B8)
−2A
B
0
→f2π0
=
GF√
2
∑
p=u,c
λ(d)p
{[
δpu (α2 − β1) + 2αp3 + αp4 +
1
2
αp3,EW −
1
2
αp4,EW
+βp3 −
1
2
βp3,EW −
3
2
βp4,EW
]
X
(Bπ,fq2 ) +
√
2
[
αp3 −
1
2
αp3,EW
]
X
(Bπ,fs2 )
+
[
δpu (−α2 − β1) + αp4 −
3
2
αp3,EW −
1
2
αp4,EW
+βp3 −
1
2
βp3,EW −
3
2
βp4,EW
]
X(Bf
q
2 ,π)
}
, (B9)
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2AB¯0→f2η =
GF√
2
∑
p=u,c
λ(d)p
{[
δpu (α2 + β1) + 2α
p
3 + α
p
4 +
1
2
αp3,EW −
1
2
αp4,EW
+βp3 + 2β
p
4 −
1
2
βp3,EW +
1
2
βp4,EW
]
X(Bf
q
2 ,ηq)
+
√
2
[
αp3 −
1
2
αp3,EW
]
X(Bf
q
2 ,ηs) +
√
2 [δpc α2 + α
p
3]X
(Bfq2 ,ηc) − 2ifBf s2f sη
[
bp4 −
1
2
bp4,EW
]
fs2ηs
+
[
δpu (α2 + β1) + 2α
p
3 + α
p
4 +
1
2
αp3,EW −
1
2
αp4,EW
+βp3 + 2β
p
4 −
1
2
βp3,EW +
1
2
βp4,EW
]
X
(Bηq ,f
q
2 )
+
√
2
[
αp3 −
1
2
αp3,EW
]
X
(Bηq ,fs2 ) − 2ifBf s2f sη
[
bp4 −
1
2
bp4,EW
]
ηsfs2
}
, (B10)
the amplitudes for B → f2η′ can be obtained from B → f2η with the replacement (f2, η)→ (f2, η′),
√
2AB−→a02π− =
GF√
2
∑
p=u,c
λ(d)p
{[
δpu (α2 − β2)− αp4 +
3
2
αp3,EW +
1
2
αp4,EW − βp3 − βp3,EW
]
X
(Bπ,a2)
+
[
δpu (α1 + β2) + α
p
4 + α
p
4,EW + β
p
3 + β
p
3,EW
]
X(Ba2,π)
}
, (B11)
√
2AB−→a−2 π0 =
GF√
2
∑
p=u,c
λ(d)p
{[
δpu (α2 − β2)− αp4 +
3
2
αp3,EW +
1
2
αp4,EW − βp3 − βp3,EW
]
X(Ba2,π)
+
[
δpu (α1 + β2) + α
p
4 + α
p
4,EW + β
p
3 + β
p
3,EW
]
X
(Bπ,a2)
}
, (B12)
AB¯0→a−2 π+ =
GF√
2
∑
p=u,c
λ(d)p
{[
δpu α1 + α
p
4 + α
p
4,EW + β
p
3 + β
p
4 −
1
2
βp3,EW −
1
2
βp4,EW
]
X
(Bπ,a2)
+
[
δpu β1 + β
p
4 + β
p
4,EW
]
X(Ba2,π)
}
, (B13)
AB¯0→a+2 π− =
GF√
2
∑
p=u,c
λ(d)p
{[
δpu α1 + α
p
4 + α
p
4,EW + β
p
3 + β
p
4 −
1
2
βp3,EW −
1
2
βp4,EW
]
X(Ba2,π)
+
[
δpu β1 + β
p
4 + β
p
4,EW
]
X
(Bπ,a2)
}
, (B14)
−2AB¯0→a02π0 =
GF√
2
∑
p=u,c
λ(d)p
{[
δpu (α2 − β1)− αp4 +
3
2
αp3,EW +
1
2
αp4,EW − βp3 − 2βp4
+
1
2
βp3,EW −
1
2
βp4,EW
]
X
(Bπ,a2)
+
[
δpu (α2 − β1)− αp4 +
3
2
αp3,EW +
1
2
αp4,EW − βp3 − 2βp4
+
1
2
βp3,EW −
1
2
βp4,EW
]
X(Ba2,π)
}
, (B15)
√
2AB−→a−2 η(′) =
GF√
2
∑
p=u,c
λ(d)p
{[
δpu (α2 + β2) + 2α
p
3 + α
p
4 +
1
2
αp3,EW
−1
2
αp4,EW + β
p
3 + β
p
3,EW
]
X(Ba2,η
(′)
q )
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+
[
δpu (α1 + β2) + α
p
4 + α
p
4,EW + β
p
3 + β
p
3,EW
]
X
(Bη
(′)
q ,a2)
+
√
2
[
αp3 −
1
2
αp3,EW
]
X(Ba2,η
(′)
s ) +
√
2 [δpc α2 + α
p
3]X
(Ba2,η
(′)
c )
}
, (B16)
−2AB¯0→a02η(′) =
GF√
2
∑
p=u,c
λ(d)p
{[
δpu (α2 − β1) + 2αp3 + αp4 +
1
2
αp3,EW −
1
2
αp4,EW
+βp3 −
1
2
βp3,EW −
3
2
βp4,EW
]
X(Ba2,η
(′)
q )
+
[
δpu (−α2 − β1) + αp4 −
3
2
αp3,EW −
1
2
αp4,EW
+βp3 −
1
2
βp3,EW −
3
2
βp4,EW
]
X
(Bη
(′)
q ,a2)
+
√
2
[
αp3 −
1
2
αp3,EW
]
X(Ba2,η
(′)
s ) +
√
2 [δpc α2 + α
p
3]X
(Ba2,η
(′)
c )
}
, (B17)
AB−→K∗−2 K0 =
GF√
2
∑
p=u,c
λ(d)p
[
δpuβ2 + α
p
4 −
1
2
αp4,EW + β
p
3 + β
p
3,EW
]
X(BK
∗
2,K), (B18)
AB−→K∗02 K− =
GF√
2
∑
p=u,c
λ(d)p
[
δpuβ2 + α
p
4 −
1
2
αp4,EW + β
p
3 + β
p
3,EW
]
X
(BK,K∗2 ), (B19)
A
B
0
→K∗−2 K
+ =
GF√
2
∑
p=u,c
λ(d)p
{[
δpuβ1 + β
p
4 + β
p
4,EW
]
X(BK
∗
2,K)
−icfBfK∗2 fK
[
bp4 −
1
2
bp4,EW
]
KK∗2
}
, (B20)
A
B
0
→K∗+2 K
−
=
GF√
2
∑
p=u,c
λ(d)p
{[
δpuβ1 + β
p
4 + β
p
4,EW
]
X
(BK,K∗2 )
−icfBfK∗2 fK
[
bp4 −
1
2
bp4,EW
]
K∗2K
}
, (B21)
A
B
0
→K
∗0
2 K
0 =
GF√
2
∑
p=u,c
λ(d)p
{[
αp4 −
1
2
αp4,EW + β
p
3 + β
p
4 −
1
2
βp3,EW −
1
2
βp4,EW
]
X(BK
∗
2,K),
−icfBfK∗2 fK
[
bp4 −
1
2
bp4,EW
]
KK
∗
2
}
, (B22)
A
B
0
→K∗02 K
0 =
GF√
2
∑
p=u,c
λ(d)p
{[
αp4 −
1
2
αp4,EW + β
p
3 + β
p
4 −
1
2
βp3,EW −
1
2
βp4,EW
]
X
(BK¯,K∗2 ),
−icfBfK∗2 fK
[
bp4 −
1
2
bp4,EW
]
K∗2K
}
, (B23)
with c = 1.
b. Decay amplitudes with ∆S = 1
√
2AB−→f2K− =
GF√
2
∑
p=u,c
λ(s)p
{[
δpu α2 + 2α
p
3 +
1
2
αp3,EW
]
X
(BK¯,fq2 )
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+
√
2
[
δpu β2 + α
p
3 + α
p
4 −
1
2
αp3,EW −
1
2
αp4,EW + β
p
3 + β
p
3,EW
]
X
(BK¯,fs2 )
+
[
δpu (α1 + β2) + α
p
4 + α
p
4,EW + β
p
3 + β
p
3,EW
]
X(Bf
q
2 ,K¯), (B24)
√
2AB¯0→f2K0 =
GF√
2
∑
p=u,c
λ(s)p
{[
δpu α2 + 2α
p
3 +
1
2
αp3,EW
]
X
(BK¯,fq2 )
+
√
2
[
αp3 + α
p
4 −
1
2
αp3,EW −
1
2
αp4,EW + β
p
3 −
1
2
βp3,EW
]
X
(BK¯,fs2 )
+
[
αp4 −
1
2
αp4,EW + β
p
3 −
1
2
βp3,EW
]
X(Bf
q
2 ,K¯), (B25)
√
2AB−→a02K− =
GF√
2
∑
p=u,c
λ(s)p
{[
δpu(α1 + β2) + α
p
4 + α
p
4,EW + β
p
3 + β
p
3,EW
]
X(Ba2,K)
+
[
δpuα2 +
3
2
αp3,EW
]
X
(BK,a2)
}
, (B26)
AB−→a−2 K0 =
GF√
2
∑
p=u,c
λ(s)p
[
δpuβ2 + α
p
4 −
1
2
αp4,EW + β
p
3 + β
p
3,EW
]
X(Ba2,K), (B27)
A
B
0
→a+2 K
−
=
GF√
2
∑
p=u,c
λ(s)p
[
δpuα
h
1 + α
p
4 + α
p
4,EW + β
p
3 −
1
2
βp3,EW
]
X(Ba2,K), (B28)
√
2A
B
0
→a02K
0 =
GF√
2
∑
p=u,c
λ(s)p
{[
− αp4 +
1
2
αp4,EW − βp3 +
1
2
βp3,EW
]
X(Ba2,K)
+
[
δpuα2 +
3
2
αp3,EW
]
X
(BK,a2)
}
, (B29)
√
2AB−→K∗−2 η(′) =
GF√
2
∑
p=u,c
λ(s)p
{[
δpu α2 + 2α
p
3 +
1
2
αp3,EW
]
X(BK
∗
2,η
(′)
q )
+
√
2
[
δpu β2 + α
p
3 + α
p
4 −
1
2
αp3,EW −
1
2
αp4,EW + β
p
3 + β
p
3,EW
]
X(BK
∗
2,η
(′)
s )
+
√
2 [δpc α2 + α
p
3]X
(BK
∗
2,η
(′)
c )
+
[
δpu (α1 + β2) + α
p
4 + α
p
4,EW + β
p
3 + β
p
3,EW
]
X(Bη
(′)
q ,K
∗
2)
}
, (B30)
√
2AB¯0→K¯∗02 η(′) =
GF√
2
∑
p=u,c
λ(s)p
{[
δpu α2 + 2α
p
3 +
1
2
αp3,EW
]
X(BK
∗
2,η
(′)
q )
+
√
2
[
αp3 + α
p
4 −
1
2
αp3,EW −
1
2
αp4,EW + β
p
3 −
1
2
βp3,EW
]
X(BK
∗
2,η
(′)
s )
+
√
2 [δpc α2 + α
p
3]X
(BK
∗
2,η
(′)
c )
+
[
αp4 −
1
2
αp4,EW + β
p
3 −
1
2
βp3,EW
]
X
(Bη
(′)
q ,K
∗
2)
}
, (B31)
and the amplitudes for B → K∗2π can be obtained from B → Ka2 with the replacement (K,a2)→
(K
∗
2, π).
36
2. B → TV decays
a. Decay amplitudes with ∆S = 0:
The amplitudes for B → f2ρ can be obtained from B → f2π with the replacement (f2, π) →
(f2, ρ),
2AB¯0→f2ω =
GF√
2
∑
p=u,c
λ(d)p
{[
δpu (α
h
2 + β
h
1 ) + 2α
p,h
3 + α
p,h
4 +
1
2
αp,h3,EW −
1
2
αp,h4,EW
+βp,h3 + 2β
p,h
4 −
1
2
βp,h3,EW +
1
2
βp,h4,EW
]
X(Bf
q
2 ,ω)
+
[
δpu (α
h
2 + β
h
1 ) + 2α
p,h
3 + α
p,h
4 +
1
2
αp,h3,EW −
1
2
αp,h4,EW + β
p,h
3 + 2β
p,h
4
−1
2
βp,h3,EW +
1
2
βp,h4,EW
]
X
(Bω,fq2 ) +
√
2
[
αp,h3 −
1
2
αp,h3,EW
]
X
(Bω,fs2 )
}
, (B32)
2AB¯0→f2φ =
GF√
2
∑
p=u,c
λ(d)p
{√
2
[
αp,h3 −
1
2
αp,h3,EW
]
X(Bf
q
2 ,φ) + 2ifBf
s
2fφ
[
bp,h4 −
1
2
bp,h4,EW
]
fs2φ
+ 2ifBf
s
2fφ
[
bp,h4 −
1
2
bp,h4,EW
]
φfs2
}
, (B33)
the amplitudes for B → a2ρ can be obtained from B → a2π with the replacement (a2, π)→ (a2, ρ),
√
2Ah
B−→a−2 ω
=
GF√
2
∑
p=u,c
λ(d)p
{[
δpu (α
h
2 + β
h
2 ) + 2α
p,h
3 + α
p,h
4 +
1
2
αp,h3,EW
−1
2
αp,h4,EW + β
p,h
3 + β
p,h
3,EW
]
X
(Ba2,ω)
h
+
[
δpu (α
h
1 + β
h
2 ) + α
p,h
4 + α
p,h
4,EW + β
p,h
3 + β
p,h
3,EW
]
X
(Bω,a2)
h
}
, (B34)
−2AhB¯0→a02ω =
GF√
2
∑
p=u,c
λ(d)p
{[
δpu (α
h
2 − βh1 ) + 2αp,h3 + αp,h4 +
1
2
αp,h3,EW −
1
2
αp,h4,EW
+βp,h3 −
1
2
βp,h3,EW −
3
2
βp,h4,EW
]
X
(Ba2,ω)
h
+
[
δpu (−αh2 − βh1 ) + αp,h4 −
3
2
αp,h3,EW −
1
2
αp,h4,EW
+βp,h3 −
1
2
βp,h3,EW −
3
2
βp,h4,EW
]
X
(Bω,a2)
h
}
, (B35)
Ah
B−→a−2 φ
=
GF√
2
∑
p=u,c
λ(d)p
{[
αp,h3 −
1
2
αp,h3,EW
]
X
(Ba2,φ)
h
}
, (B36)
−
√
2AhB¯0→a02φ =
GF√
2
∑
p=u,c
λ(d)p
{[
αp,h3 −
1
2
αp,h3,EW
]
X
(Ba2,φ)
h
}
, (B37)
and the amplitudes for B → K∗2K∗ can be obtained from B → K∗2K with the replacement
(K
∗
2,K)→ (K∗2,K∗) and c = −1.
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b. Decay amplitudes with ∆S = 1
The amplitudes for B → f2K∗ can be obtained from B → f2K with the replacement (f2,K)→
(f2,K
∗
), and the ones for B → K∗2ρ and B → K∗a2 can be obtained from B → Ka2 with the
replacement (K,a2)→ (K∗2, ρ) and (K,a2)→ (K∗, a2), respectively,
√
2Ah
B−→K∗−2 ω
=
GF√
2
∑
p=u,c
λ(s)p
{[
δpu(α
h
1 + β
h
2 ) + α
p,h
4 + α
p,h
4,EW + β
p,h
3 + β
p,h
3,EW
]
X
(Bω,K
∗
2)
h
+
[
δpuα
h
2 + 2α
p,h
3 +
1
2
αp,h3,EW
]
X
(BK
∗
2,ω)
h
}
, (B38)
√
2Ah
B
0
→K
∗0
2 ω
=
GF√
2
∑
p=u,c
λ(s)p
{[
αp,h4 −
1
2
αp,h4,EW + β
p,h
3 −
1
2
βp,h3,EW
]
X
(Bω,K
∗
2)
h
+
[
δpuα
h
2 + 2α
p,h
3 +
1
2
αp,h3,EW
]
X
(BK
∗
2,ω)
h
}
, (B39)
Ah
B−→K∗−2 φ
=
GF√
2
∑
p=u,c
λ(s)p
[
δpuβ
h
2 + α
p,h
3 + α
p,h
4 −
1
2
αp,h3,EW
−1
2
αp,h4,EW + β
p,h
3 + β
p,h
3,EW
]
X
(BK
∗
2,φ)
h , (B40)
Ah
B
0
→K
∗0
2 φ
=
GF√
2
∑
p=u,c
λ(s)p
[
αp,h3 + α
p,h
4 −
1
2
αp,h3,EW −
1
2
αp,h4,EW
+βp,h3 −
1
2
βp,h3,EW
]
X
(BK
∗
2,φ)
h . (B41)
Appendix C: Explicit expressions of annihilation amplitudes
The general expressions of the helicity-dependent annihilation amplitudes are given in Eqs.
(90)-(99). They can be further simplified by considering the asymptotic distribution amplitudes
for ΦV ,Φv,ΦT and Φt:
ΦV‖,⊥(u) = 6uu¯, Φv(u) = 3(2u− 1),
ΦT‖,⊥(u) = 30uu¯(2u− 1), Φt(u) = 5(1− 6u+ 6u2),
ΦM+ (u) =
∫ 1
u
dv
ΦM‖ (v)
v
, ΦM− (u) =
∫ u
0
dv
ΦM‖ (v)
v¯
. (C1)
We find
Af, 03 (V T ) ≈ −30
√
2
3
παs
[(
6X0A
2 − 23X0A + 22
)
rVχ +
3
2
(2X0A − 1)(X0A − 3)rTχ
]
, (C2)
Af,−3 (V T ) ≈ −
10√
2
παs
[(
6X−A
2 − 23X−A + 17
) mT
mV
rVχ + 9(2X
−
A − 3)(X−A − 2)
mV
mT
rTχ
]
, (C3)
Af, 03 (T V ) = −Af, 03 (V T ), Af,−3 (T V ) = −Af,−3 (V T ), (C4)
Ai, 03 (V T ) ≈ 30
√
2
3
παs
[
−3
(
X0A
2 − 4X0A − 4 + π2
)
rVχ +
3
2
(
X0A
2 − 2X0A − 6 +
π2
3
)
rTχ
]
,(C5)
Ai,−3 (V T ) ≈ −
30√
2
παs
[
−
(
X−A
2 − 2X−A − 2
) mT
mV
rVχ +
(
3X−A
2 − 12X−A + 2π2
) mV
mT
rTχ
]
, (C6)
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Ai, 03 (T V ) = A
i, 0
3 (V T ), A
i,−
3 (T V ) = A
i,−
3 (V T ), (C7)
Ai, 01 (V T ) ≈ 30
√
2
3
παs
[
3X0A + 4− π2 +
3
2
(X0A − 3)(X0A − 2)rVχ rTχ
]
, (C8)
Ai, 01 (T V ) ≈ −30
√
2
3
παs
[
X0A + 29− 3π2 +
3
2
(X0A − 3)(X0A − 2)rVχ rTχ
]
, (C9)
Ai, 02 (V T ) = −Ai, 01 (T V ), Ai, 02 (T V ) = −Ai, 01 (V T ), (C10)
for TV modes, and
Af3 (P T ) ≈
√
2
3
παs
[
10XA(6XA − 11)rPχ + 45(2XA − 1)(XA − 3)rTχ
]
, (C11)
Ai3(P T ) ≈ 30
√
2
3
παs
[(
XA
2 − 4XA + 4 + π
2
3
)
rPχ +
3
2
(
XA
2 − 2XA − 6 + π
2
3
)
rTχ
]
, (C12)
Ai1(P T ) ≈ 10
√
2
3
παs
[
3(3XA + 4− π2) + 3
2
XA(XA − 3)rPχ rTχ
]
, (C13)
Ai1(T P ) ≈ −10
√
2
3
παs
[
3(XA + 29− 3π2) + 3
2
XA(XA − 3)rPχ rTχ
]
, (C14)
Af3 (P T ) = A
f
3(T P ), A
i
3(T P ) = A
i
3(P T ), (C15)
Ai2(T P ) = A
i
1(P T ), A
i
2(P T ) = A
i
1(T P ), (C16)
for TP modes. As pointed out in [63], since the annihilation contributions Ai,±1,2 are suppressed
by a factor of m1m2/m
2
B relative to other terms, in numerical analysis we will consider only the
annihilation contributions due to Af,03 , A
f,−
3 , A
i,0
1,2,3 and A
i,−
3 .
The logarithmic divergences that occurred in weak annihilation in above equations are described
by the variable XA ∫ 1
0
du
u
→ XA,
∫ 1
0
du
lnu
u
→ −1
2
(XA)
2. (C17)
Following [24], these variables are parameterized in Eq. (100) in terms of the unknown real pa-
rameters ρA and φA. For simplicity, we shall assume in practical calculations that X
h
A are helicity
independent, X−A = X
+
A = X
0
A.
Appendix D: The η − η′ system
For the η and η′ particles, it is more convenient to work with the flavor states qq¯ ≡ (uu¯+dd¯)/√2,
ss¯ and cc¯ labeled by the ηq, ηs and η
0
c , respectively. Neglecting the small mixing with η
0
c , we write(
|η〉
|η′〉
)
=
(
cosφ − sinφ
sinφ cosφ
)(
|ηq〉
|ηs〉
)
, (D1)
where φ = (39.3 ± 1.0)◦ [65] is the η − η′ mixing angle in the ηq and ηs flavor basis. 6 Decay
constants f q
η(
′) , f
s
η(
′) and f
c
η(
′) are defined by
〈0|q¯γµγ5q|η(′)〉 = i 1√
2
f q
η(
′)pµ, 〈0|s¯γµγ5s|η(
′)〉 = if s
η(
′)pµ, 〈0|c¯γµγ5c|η(
′)〉 = if c
η(
′)pµ, (D2)
6 A different mixing angle φ = (35.9 ± 3.4)◦ was obtained recently in the analysis of [66] based on vector
meson radiative decays.
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while the widely studied decay constants fq and fs are defined as [65]
〈0|q¯γµγ5q|ηq〉 = i√
2
fq p
µ , 〈0|s¯γµγ5s|ηs〉 = ifs pµ . (D3)
The ansatz made by Feldmann, Kroll and Stech (FKS) [65] is that the decay constants in the quark
flavor basis follow the same pattern of η − η′ mixing given in Eq. (D1)(
f qη f
s
η
f qη′ f
s
η′
)
=
(
cosφ − sinφ
sinφ cosφ
)(
fq 0
0 fs
)
. (D4)
Empirically, this ansatz works very well [65]. Theoretically, it has been shown recently that this
assumption can be justified in the large-Nc approach [67].
It is useful to consider the matrix elements of pseudoscalar densities [68]
2mq〈0|q¯γ5q|η(′)〉 = i√
2
hq
η(
′) , 2ms〈0|s¯γ5s|η(
′)〉 = ihs
η(
′) , (D5)
and define the parameters hq and hs in analogue to fq and fs
2mq〈0|q¯γ5q|ηq〉 = i√
2
hq , 2ms〈0|s¯γ5s|ηs〉 = ihs , (D6)
and relate them to hq,sη,η′ by the similar FKS ansatz as in Eq. (D4).
In this work, we shall follow [57] to use
hqη = 0.0013GeV
3, hsη = −0.0555GeV3, hqη′ = 0.0011GeV3, hsη′ = 0.068GeV3,
f qη = 109MeV, f
s
η = −111MeV, f qη′ = 89MeV, f sη′ = 136MeV,
f cη = −2.3MeV, f cη′ = −5.8MeV, mηq = 741MeV, mηs = 802MeV, (D7)
where we have used the perturbative result [69]
f c
η(
′) = −
m2
η(
′)
12m2c
f q
η(
′)√
2
. (D8)
The form factors for B → η(′) transitions obtained in QCD sum rules are [70]
FBη0,1 (0) = 0.229 ± 0.024 ± 0.011,
FBη
′
0,1 (0) = 0.188 ± 0.002Bg2 ± 0.019 ± 0.009, (D9)
where the flavor-singlet contribution to the B → η(′) form factors is characterized by the parameter
Bg2 , a gluonic Gegenbauer moment. It appears that the singlet contribution to the form factor is
small unless Bg2 assumes extreme values ∼ 40 [70]. Using the relation
FBη0,1 = F
Bηq
0,1 cosφ, F
Bη′
0,1 = F
Bηq
0,1 sinφ, (D10)
we obtain F
Bηq
0,1 (0) = 0.296± 0.028 as shown in Table IV. The momentum dependence of the form
factor can be found in [70].
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